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A displacement vessel, as the name suggests, displaces an 
(enormous) amount of water. In open and unrestricted waters this 
water can travel relatively unrestricted underneath and along the 
ship’s hull. In restricted and shallow sailing conditions this 
displaced water is squeezed under and/or along the hull. This 
tightness results in higher velocities of the water travelling along 
the hull which also generates a pressure drop around the same 
hull. This pressure drop acts as a combination of forces and 
moments on the vessel. These forces/moments are named bank 
effects if generated because of the presence of a bank. 
The horizontal forces of the bank effects on a ship are sought for. 
These three forces are: the bank effects acting in the longitudinal 
direction and in the lateral direction at the forward and aft 
perpendicular. The knowledge of bank effects is acquired with an 
extensive literature study on one hand and with dedicated model 
tests carried out in different towing tanks on the other. The 
majority of the utilised model tests is carried out in the shallow 
water towing tank at Flanders Hydraulics Research in Antwerp, 
Belgium. 
The data set on bank effects consists of more than 8 000 unique 
model test setups. Eleven different ship models, at a range of draft 
to water depth ratios, are tested. The captive towing tests are 
conducted at a range of different forward speeds and propeller 
actions. The data set contains model tests carried out along 
twenty five different bank geometries at different lateral positions 
of the ship from the bank. During the model tests forces, 
moments and motions are measured on the hull, propeller(s) and 
rudder(s). These measurements are the input for the analysis of 
bank effects and the creation of the mathematical model of the 
three previously mentioned forces in the horizontal plane. 
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The physical based mathematical model is constructed in such a 
way that (relative) easy implementation in a ship manoeuvring 
simulator is possible. 
Overall the magnitude of the bank effects: the longitudinal force 
and both lateral forces (at the fore and aft perpendicular) increase 
with: 
A higher forward speed of the ship 
A more loaded propeller (higher propeller rate) 
A lower under keel clearance 
A more confined sailing area; steeper banks, smaller 
distance between port and starboard bank 
The closer the distance between ship and bank 
The longitudinal force of the bank effects always acts on the ship 
as an augmented resistance. The lateral force at the aft 
perpendicular acts always as an attraction force directed towards 
the nearest bank. In deep water the lateral force at the forward 
perpendicular is also an attraction force towards the nearest bank 
while in very shallow water this force is always a repulsion force 
directed away from the nearest bank. In between there is a 
transition from repulsion to attraction which shifts with the 
forward speed of the ship and relative water depth. 
In the mathematical model the thrust delivered by the propeller is 
transformed into a thrust velocity (the theoretic axial velocity 
behind the propeller). This velocity is combined with the forward 
speed of the vessel into an equivalent velocity. This, in turn, is 
used as input to calculate the Tuck number which takes into 
account the water depth and blockage (ratio of the cross section 
area of the ship and fairway). This Tuck number is proportional to 
the magnitude of longitudinal and lateral forces of the bank 
effects. For the lateral force at the forward perpendicular an extra 
function (dependent of the Froude number and relative water 




The position and distance between a ship and random shaped 
bank is ambiguous. Therefore the weight factor is introduced. This 
factor is a value between zero and one which exponentially 
decreases further away from the ship (in both horizontal and 
vertical direction). The weight factor is integrated over the 
considered area (cross section at port/starboard, midship section) 
to achieve a weighted value for that area. 
A dimensionless distance to the bank and equivalent blockage is 
introduced and calculated based upon weighted areas. As such the 
nuances of a random cross section are taken into account without 
exaggerating the bathymetry at a distance far away from the ship 
or without underestimating the bank shape very close to the ship. 
The lateral forces are inversely proportional to the dimensionless 
distance to the bank while the magnitude of the longitudinal force 
is proportional to the square of the equivalent blockage. 
The influence width is the (horizontal) distance between a ship and 
bank where the bank effects are infinitesimally small and can be 
neglected. When the proximity between the ship and closest bank 
is greater than the influence width then the ship manoeuvres as 
sailing in unrestricted (but sometimes shallow) waters. Based upon 
dedicated model tests carried out in a towing tank it is found that 
this influence width is proportional to the water depth dependent 
Froude number. 
Although the model tests are carried out with the utmost care and 
scaled according to Froude’s law (common for model tests on ship 
hydrodynamics) there remains an issue with the boundary layer on 
ship and bank. This boundary layer is relatively thicker on model 
scale than at full scale when scaled according to this Froude’s law. 
The lateral force at the aft perpendicular did no longer increase 
the closer it was towed to the bank when the ship model was 
towed very close to a (vertical) bank. The same is observed at very 
shallow water depths. This behaviour is ascribed to the influence 
of the boundary layer on the lateral force. When the gap between 
ship and cross section (keel - bottom or ship’s side - bank) is 
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narrower than the boundary layer influence thickness then the 
viscosity of the water comes into play and overrules the (mainly) 
non-viscous hydrodynamics generating the bank effects. This 
boundary layer influence thickness (a formulation is given) is 



















Zoals de naam al doet vermoeden, verplaatst een 
deplacementschip een (enorme) hoeveelheid water. Dit water kan 
in open en onbeperkte vaarwaters relatief ongehinderd onder en 
langs het schip stromen. In ondiepe en/of beperkte vaarwateren 
wordt dit water echter onder en langs de romp geperst. Deze 
krapte zorgt er voor dat het water aan een hogere snelheid langs 
de romp heen zal vloeien, deze hogere snelheid resulteert 
eveneens in een drukdaling omheen het schip. De verlaagde druk 
resulteert op zijn beurt in een combinatie van krachten en 
momenten op het schip. Het zijn deze krachten en momenten die 
oevereffecten worden genoemd wanneer ze veroorzaakt worden 
door de aanwezigheid van een oever. 
De krachten van de oevereffecten die aangrijpen in het horizontale 
vlak (evenwijdig met het vrije vloeistofoppervlak) zijn diegene 
waarnaar gezocht wordt. De drie betreffende krachten zijn; de 
oevereffecten die aangrijpen in de langsrichting van het schip en 
de krachten die aangrijpen in de dwarsrichting aan de voorste en 
achterste loodlijn. De kennis van oevereffecten is tot stand 
gekomen door enerzijds een uitgebreide literatuurstudie en 
anderzijds door specifieke modelproeven uitgevoerd in 
verscheidene sleeptanks. De overgrote meerderheid van de 
modelproeven werden echter uitgevoerd in de ondiep water 
sleeptank van het Waterbouwkundig Laboratorium te Antwerpen, 
België. 
De gecreëerde database van oevereffecten bevat ruim 8 000 
unieke modelproeven. Er werden elf verschillende 
scheepsmodellen getest bij een variatie van verschillende 
verhoudingen van de diepgang tot de waterdiepte. De gedwongen 
sleepproeven zijn uitgevoerd bij een ruim bereik van voorwaartse 
snelheden en schroefbelastingen. De dataset bevat proeven die 
werden uitgevoerd langs vijfentwintig verschillende oevervormen 
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op verschillende laterale afstanden tussen scheepsmodel en oever. 
Krachten, momenten en verplaatsingen op en van de romp, 
schroef en roer werden geregistreerd tijdens de proeven. Deze 
metingen vormen de invoer van de analyse van de oevereffecten 
en voor de creatie van een wiskundig model van de drie eerder 
vermelde krachten in het horizontale vlak. 
Het voorgestelde wiskundige model is zo samengesteld dat een 
(relatief) eenvoudige implementatie in een scheepsmanoeuvreer-
simulator mogelijk is. 
Globaal kan gesteld worden dat de grootte van de oevereffecten: 
de langskrachten en beide dwarskrachten (aan de voorste en 
achterste loodlijn) stijgen met: 
Een hogere voorwaartse snelheid van het schip 
Een meer belaste schroef (hogere schroeftoerentallen) 
Kleinere kielspeling 
Een beperktere vaaromgeving; steilere oevers, kleinere 
afstand tussen bakboord- en stuurboordoever 
Een kleinere afstand dat er bij een oever gevaren wordt 
Het aandeel van de oevereffecten in de langsrichting is altijd 
zodanig dat het schip een verhoogde weerstand ondervindt. De 
dwarse kracht aan de achterste loodlijn is steeds gericht naar de 
meest nabije oever. Het achterschip wordt dus naar de oever toe 
gezogen. De dwarse kracht aan de voorste loodlijn is in diep water 
tevens een aantrekkingskracht naar de meest nabije oever toe. In 
heel erg ondiep water is dit echter een afstotende kracht weg van 
de meest nabije oever. Tussenin is er een overgang van 
aantrekking naar afstoting. Deze overgangszone varieert met de 
voorwaartse snelheid van het schip en met de relatieve 
waterdiepte onder het schip. 
De stuwkracht die de schroef levert is in het wiskundig model 
omgevormd naar een snelheid (de theoretische axiale snelheid van 
het water achter de schroef). Deze snelheid is gecombineerd met 
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de voorwaartse snelheid van het schip tot een equivalente 
snelheid. Deze snelheid wordt dan op gebruikt als invoer voor de 
berekening van het Tuck getal. Dit Tuck getal houdt rekening met 
de waterdiepte en de blockage (dit is de verhouding tussen de 
dwarsdoorsnede van het schip en de vaarweg). Het Tuck getal is 
evenredig met de grootte van de langs- en dwarskrachten van de 
oevereffecten. Voor de dwarskracht aan de voorste loodlijn wordt 
er een extra functie (variërend met de relatieve waterdiepte en 
voorwaartse snelheid) toegevoegd om met de verandering van het 
teken bij ondiep water te kunnen omgaan. 
De positie en afstand tussen het schip en een grillig gevormde 
oever zijn niet eenduidig bepaald. Hiervoor werd de gewichtsfactor 
geïntroduceerd. Deze factor is een waarde tussen nul en één die 
exponentieel daalt hoe verder (in zowel horizontale als verticale 
richting) men zich van het schip verwijdert. De gewichtsfactor 
wordt geïntegreerd over het beschouwde gebied (dwarsdoorsnede 
aan bak- of stuurboordzijde, dwarsdoorsnede van het schip, enz.) 
om op die manier een gewogen oppervlakte te bekomen. 
Een dimensieloze afstand tot de oever en equivalente blockage 
(eveneens zonder dimensie) is bekomen op basis van de gewogen 
oppervlaktes. Op die manier worden de nodige nuances van een 
dwarsdoorsnede in rekening gebracht zonder de invloed van de 
bathymetrie veraf te overdrijven of de invloed van de oevervorm 
dichtbij te onderschatten. De dwarse krachten (zowel voor- als 
achteraan) zijn omgekeerd evenredig met de dimensieloze 
oeverafstand en de grootte van de langse kracht staat in 
verhouding met het kwadraat van de equivalente blockage. 
De invloedsbreedte is de (horizontale) afstand tussen schip en 
oever waarbij de oevereffecten infinitesimaal klein zijn geworden 
en kunnen verwaarloosd worden. Wanneer de afstand tussen schip 
en meest nabij gelegen oever groter is dan deze invloedsbreedte, 
dan manoeuvreert het schip alsof het in onbeperkt (maar soms 
ook ondiep) water vaart. Specifieke modelproeven hebben tot de 
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conclusie geleid dat deze invloedsbreedte in verhouding staat tot 
het waterdiepteafhankelijke Froudegetal. 
Ondanks dat de modelproeven met de meeste zorg zijn uitgevoerd 
en geschaald volgens de schaalwetten van Froude (hetgeen 
gebruikelijk is voor modelproeven voor scheepshydrodynamica) 
behoudt men een probleem met de grenslaag op het 
scheepsmodel en oever. Deze grenslaag is op modelschaal relatief 
dikker dan op ware grootte wanneer de proeven zijn uitgevoerd 
volgens de schaalwetten van Froude. De dwarse 
aantrekkingskracht aangrijpend aan de achterste loodlijn steeg 
niet langer wanneer het scheepsmodel extreem dicht langs een 
(verticale) oever gesleept werd. Een gelijkaardig gedrag werd 
vastgesteld bij extreem lage kielspelingen. Dit gedrag wordt 
toegeschreven aan de invloed van de grenslaag op deze 
dwarskracht. Wanneer de afstand tussen schip en omgeving (kiel –
bodem of scheepswand – oever) smaller is dan de grenslaag-
invloedsdikte dan komt de kleverigheid (viscositeit) van het water 
in het spel. Deze invloed overheerst dan de voornamelijk niet-
viskeuze hydrodynamica welke oevereffecten genereert. Deze 
grenslaag-invloedsdikte (waarvoor een formule wordt gegeven) is 
ongeveer twee- tot driemaal dikker (relatief) op modelschaal dan 
op ware grootte. 
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1 INTRODUCTION 
Transport of goods over water is among the oldest modes of 
transport for mankind. Although rather slow compared to other 
modes (over road, rail or through the air) it is very cost effective 
for the transport of large amounts of cargo. Ships cross oceans, 
seas, lakes and rivers and the cargo in all its appearances (bulk, 
gas, containerised, passengers) is loaded and unloaded from the 
vessel at the port. 
1.1 Motive 
1.1.1 Belgian maritime access 
There are four sea ports in the Flemish region of Belgium (in 
alphabetic order): Port of Antwerp (Appendix 11.1), Port of Ghent, 
Port of Ostend and Port of Zeebrugge (Figure 1.2). Two ports are 
located at sea (Ostend and Zeebrugge) while the other two are 
located more inland. The Port of Antwerp is located some 40 
nautical miles upstream the mouth of the River Scheldt, the Port of 
Ghent is connected to open water by the 17 nautical miles 
manmade canal Ghent-Terneuzen with a lock connection at the 
estuary of the Western Scheldt in Terneuzen (Netherlands). The 
approach of the two seaside harbours is not unrestricted but 
connected to the world with dredged fairways. 
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A lot of (domestic) transport of goods is carried out by inland 
vessels (in Belgium 117 million tons in 2013 compared to 261 
million tons by seagoing vessels in the same year (Promotie 
Binnenvaart Vlaanderen 2013) on the dense web of European 
inland waters. These inland vessels also sail a large fraction of the 
time in shallow and/or restricted waters. 
The restrictions to call a harbour is not only an issue in Belgium 
but it seen on the access towards harbours all over the world. 
The main dimensions of ship sizes have increased dramatically 
over the last ten years. In Figure 1.1 the largest maximal capacity 
of a container carrier (expressed as Twenty Feet Equivalent units, 
TEU) is plotted for the last five decades. A more than exponential 
increase is observed (dashed line in Figure 1.1). The largest 
capacity container carrier of 2013, the Maersk Triple E-class 
(18 270 TEU), carries more than double the amount of the largest 
capacity container carrier of 2003, OOCL Shenzhen (8 063 TEU). 
 
Figure 1.1 increase in container capacity (in TEU) over the last 5 decades 
Unfortunately it is not feasible to have the natural rivers or 
manmade canal increased at the same rate as the ship dimensions. 
Therefore more vessels sail in more restricted and confined 
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waters. A rather arbitrary distinction in draft to water depth ratios 
is published in (PIANC Working group 20; 1992): ͵ǤͲͲ ൏ ௛்  deep ͳǤͷͲ ൏ ௛் ൏ ͵ǤͲͲ  medium deep ͳǤʹͲ ൏ ௛் ൏ ͳǤͷͲ  shallow ͳǤͲͲ ൏ ௛் ൏ ͳǤʹͲ  very shallow 
A more hydrodynamic interpretation of the shallowness of water is 
reported by (Robbins & Thomas 2013). 
 
Figure 1.2 the imposed minimal water depth hmin (different for LNG-
carriers) on the access channels towards the four Flemish sea harbours (A: 
Antwerp, G: Ghent, O: Ostend, Z: Zeebrugge) 
The Flemish authorities (together with the Dutch authorities for 
the Western Scheldt Estuary) impose deterministic minimal water 
depth hmin to draft T ratios (Table 1.1 and Figure 1.2) depending of 
cargo type and the area where the ship operates (Vantorre et al. 
2014). 
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hmin/Tmax Type of cargo 
  Bulk, Containers LNG 
Sea 1.150 1.200 




Sea canal  
(Ghent-Terneuzen) 
1.080 - 




Table 1.1 minimal relative water depths hmin imposed by authorities on 
the approach of a Flemish harbour based upon Tmax 
According to (PIANC Working group 20; 1992) all the approach 
channels towards Flemish sea ports are classified as very shallow 
water for the deepest drafted vessels. 
In 1933 Flanders Hydraulics Research (FHR) was founded as part of 
the Antwerp Maritime Services. The original objective was to gain 
better insight into the impact of dredging works in the navigation 
channels on tidal currents in the river Scheldt. FHR’s first full 
mission bridge simulator was inaugurated in 1988 and four years 
later the fully automated Towing Tank for Manoeuvres in Shallow 
Water (cooperation Flanders Hydraulics Research - Ghent 
University) ran for the first time. With these facilities (which are 
updated and extended continuously) an enormous knowledge on 
shallow water hydrodynamics is acquired. 
1.1.2 Shallow water hydrodynamics 
Shallow water hydrodynamics have diverse causes and have a 
different influence on the ship hydrodynamics (ITTC 2002). Overall 
the hydrodynamic forces will increase with decreasing water 
depth. The resistance of the vessel, for example, will be larger in 
shallow water than in deeper water for the same vessel at the 
same forward speed. Together with the increase of hydrodynamic 
forces there will be a decrease of manoeuvrability (Eloot et al. 
2006). If standard manoeuvring tests are compared in shallow and 
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in deep water then the turning circles (advance, transfer, tactical 
diameter, final diameter) will increase the more shallow the water 
is. For zigzag tests the overshoot angles as well as the yaw rates 
will be smaller. 
The vertical sinkage (known as squat) will increase and be more 
critical in shallow waters (Lataire et al. 2012). The added mass in 
shallow water can be the multiple of the added mass of the same 
vessel sailing in deep water and in some navigation areas there is 
even interaction between the ship and a muddy bottom 
(Delefortrie et al. 2004) or with specific constructions (of limited 
length compared to the ship length) such as bridge pillars. Finally, 
the course stability of a ship sometimes improves in shallow water 
(Crane 1979) but in general the manoeuvrability gets worse while 
the course stability improves with decreasing water depth. 
1.1.3 Definition of bank effects 
The present dissertation focusses on bank effects. Bank effects 
can be defined as the hydrodynamic (quasi) stationary reactions on 
a vessel caused by a geometry parallel to a vessel’s course. 
The necessary elements for bank effects are: 
A vessel generating hydrodynamic forces; sailing and/or 
generating some flow with its propeller(s) 
A geometry interfering with the flow around the vessel; this 
geometry can be a sloped bank, quay wall, dredged 
channel among others. 
(quasi) stationary; the vessel and/or propeller must have a 
constant or almost constant (rotational) speed, the length 
of the geometry must be multiple the largest dimension of 
the vessel. 
For the access channels to the Flemish harbours there are some 
specific areas where bank effects are seen as one of the major 
shallow water effects. Among many other locations these are for 
the access channel towards the Port of Antwerp in the Bend of 
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Bath (no. 2 in Figure 1.2), in the outer harbour of the Port of 
Zeebrugge along the Tern Peninsula (no. 1 in Figure 1.2) and in 
large parts of the Canal Ghent-Terneuzen (no. 3 in Figure 1.2). 
At these three locations the geometry of the bank is very different. 
On the canal Ghent-Terneuzen there is a constant sloped bank of 
about 18° (1/3) at both sides over a long section of the canal. The 
sandy bottoms at the Bend of Bath and the outer harbour of 
Zeebrugge are less steep (7° (1/8) and 11° (1/5) respectively). The 
latter two are not constant sloped up to the free surface but end in 
a very gentle, almost flat, shallow water area. These three specific 
spots are all located in a very small geographic region but similar 
bank geometries can be found all over the world. 
1.1.4 Merit 
Ships must avoid colliding with each other or with static or 
dynamic obstructions. In Figure 1.3 the density of AIS transmitting 
ships all over the world is plotted. Europe is among the regions 
with the highest traffic densities. 
 
Figure 1.3 world density map of marine traffic (Anon 2014a) 
INTRODUCTION  1.1 Motive 
9 
In Figure 1.4 the density map of Dover Strait and the Belgian 
territorial waters is plotted. This region is among the most dense 
marine traffic regions of the world. In 2013 as much as 14 220 
seagoing vessels called the Port of Antwerp (Anon 2014b). This is 
an average of about 80 seagoing ship motions (leaving or calling 
the harbour) every 24 hours (exclusive inland vessel traffic). In the 
same year some 800 tidal bound ships of which 198 +10 000 TEU 
container carriers called the same port. 
 
Figure 1.4 marine traffic density map of the Southern North Sea – English 
Channel area (Anon 2014a) 
As a consequence of this dense traffic, an anomaly on the river 
Scheldt that jeopardizes the free passage of ships results in 
immediate and large economic consequences (estimates of losses 
exceeding 1 000 000 €/h are reported). Therefore, all ships must 
call or leave the harbour in a sufficiently safe manner. 
For a waterway authority an important tool to increase or even 
guarantee this safety is by increasing the knowledge on shallow 
water hydrodynamics. This knowledge can then be incorporated in 
a simulator. These ship manoeuvring simulators are used to 
investigate and justify the admittance policy. The same simulators 
can also be used for training purposes of the pilots. Doing so the 
specific shallow water skills of pilots can be increased, 
furthermore pilots can be trained for future situations (new vessels 
and/or harbour layouts). 
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1.2 Objective 
1.2.1 A mathematical model for bank 
effects 
The main goal of present research is to create a mathematical 
model which outputs the ship - bank interaction forces. This 
mathematical model has to cope with the wide range of possible 
bank geometries and ship types. Finally this mathematical model 
can be implemented into ship manoeuvring simulators to create 
an accurate and reliable behaviour of ships sailing along different 
banks. 
1.2.2 Procedure 
Based upon an extensive literature study some insight is obtained 
in the hydrodynamics of bank effects. In literature there is also 
sought for available (raw) data which could be used as input for 
the regression models to define the coefficients of the 
mathematical model of bank effects sought for. Since there is only 
a very limited amount of data available (in open publications or 
through a confidential data exchange), the need for systematic 
test series in a towing tank dedicated to bank effects was 
necessary. 
In the shallow water towing tank of FHR more than 12 000 model 
tests have been carried out with the focus on bank effects. These 
tests were carried out in the years 2008 and 2010 and are by far 
the most extensive set of model test data on bank effects. 
Different bank geometries were installed in the towing tank, three 
classes of bank types can be distinguished: 
Quay walls: vertical walls, most common for wharfs and 
other mooring locations 
Surface piercing banks: a constant sloped bank from 
the deepest part of the waterway up to the free surface, 
common in both manmade channels and natural rivers. 
Stepped or semi-submerged banks: a combination of a 
constant sloped section from the deepest part of the 
cross section up to a more shallow water depth and a 
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wider shallow area, common on a dredged channel in 
open water (e.g. at sea) 
 
Figure 1.5 three classes of bank geometries: vertical quay wall, surface 
piercing and semi-submerged bank 
Finally the mathematical model based upon all these model tests 
carried out in a towing tank can be implemented in a ship 
manoeuvring simulator which is used for training and research 
purposes. 
1.2.3 Boundary conditions and basic 
assumptions 
1.2.3.1 Limit to the modelled forces and 
moment 
All forces acting on a three dimensional rigid body can be 
decomposed into three forces along and three moments around 
the three axes of a body fixed (right handed Cartesian) coordinate 
system. Therefore the bank effects can be split into a force in the 
longitudinal, lateral and vertical direction of the ship and a 
moment around the vertical axis and around the horizontal axes in 
the longitudinal and lateral directions. The major influences of the 
bank effects, however, are in the horizontal plane (parallel to the 
free surface). The present mathematical model is limited to the 
forces and moment acting in the horizontal plane: 
The longitudinal force XBANK: oriented in the longitudinal 
direction of the ship 
The lateral force YBANK: oriented perpendicular to the 
longitudinal direction of the ship 
The moment NBANK around the vertical axis of the ship 
Although some observations of the sinkage are reported in 
present dissertation, it is out of the scope to focus on the 
influence of banks on the vertical sinkage of the ship (squat). 
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1.2.3.2 Steady state 
In the present research only the steady state bank effects are 
modelled. Therefore the bank must have an (almost) unaltered 
geometry over a distance of multiple times the length of the ship. 
The mathematical model will be able to cope with minor changes 
in the bank geometry but it does not take into account the (time 
dependent) influence of short transition zones. 
Furthermore the longitudinal dimension of the ship must be 
almost parallel to the bank at all times. Large drift angles and ship 
velocity vectors under a significant angle from the bank are out of 
the scope of current investigation. 
1.2.3.3 Sailing ahead 
The aim of the research is to accurately predict the bank effects 
when a ship sails in the restricted fairway towards or from the 
harbour of call, not during specific harbour manoeuvres such as 
swinging or the berthing procedure. 
This means that the ship sails at a positive forward speed with a 
propeller rotating in a positive direction (engine order ahead which 
results in a rotation clockwise or counter clockwise depending 
whether the propeller is right or left handed). 
1.2.3.4 User-friendly 
The proposed mathematical model must be able to be 
implemented in a (FHR) ship manoeuvring simulator. This means 
that the mathematical model may not use a disproportional 
amount of computer power. The model must also be able of being 
implemented without outrageous changes in the structure of the 
mathematical model. 
It is necessary that the mathematical model copes with all types of 
variable bank geometries both nearby the ship and further away.  
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1.2.3.5 Symbols 
All symbols used are according to the International Towing Tank 
Conference (ITTC 2011) except the propeller thrust. According to 
ITTC both the draft of ship hull and the propeller thrust are 
symbolised by ‘T’ but to avoid confusion the draft of ship hull 
remains ‘T’ but the propeller thrust is from here on symbolised as 
‘TP’. 
If the parameter under consideration is not listed in the ITTC 
symbol list then a new symbol is attributed. The entire symbol list 
is added from page xxv on. 
1.3 Chapter by chapter 
In Chapter 2 a historic overview of relevant research is given based 
upon an extensive literature study. An overall view is given of bank 
effects based upon published research and a distinction is made 
between the different types of research (model scale, full scale, 
calculation methods). 
The physics and hydrodynamic forces accountable for bank effects 
are explained in Chapter 3. In the same chapter the phenomenon 
of bank effects is explained and clarified with different examples. 
The direct consequences of bank effects on the manoeuvrability of 
a ship are shown. 
All the relevant model tests which are carried out or acquired are 
extensively explained in Chapter 4. The facilities are described and 
the choices made for the test parameters  and other input data 
clarified. 
A generalised description of mathematical models and the base 
for the chosen type of mathematical model for bank effects can be 
found in Chapter 5. Some chosen or imposed boundary conditions 
are added in the same chapter. 
The sixth chapter derives all details of the mathematical model of 
the lateral force at the aft perpendicular (YA). In the next Chapter 7 
the mathematical model of the lateral force at the fore 
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perpendicular (YF) is clarified. Chapter 8 contains the explanation 
and derivation of the influence of the banks in the longitudinal 
direction XBANK. 
Chapter 9 contains the overall conclusions and some 
recommendations for future work. 
INTRODUCTION  1.3 Chapter by chapter 
15 
  
Experiment Based Mathematical Modelling of Ship-Bank Interaction 
16 
Bank Effects 
2 HISTORY OF BANK EFFECTS ................................................ 17 
2.1 Introduction ....................................................................... 17 
2.1.1 History of ship model testing ...................................................... 17 
2.1.2 Classification of research ............................................................. 18 
2.2 Model test based research .................................................. 21 
2.3 Mathematics based research .............................................. 26 
2.4 Full Scale tests based bank effects research......................... 29 
2.5 Research based on model tests and mathematical models .. 29 
2.6 Research based on model tests and full scale measurements 33 
2.7 Research based on model tests, full scale measurements and 
mathematical models ................................................................... 34 
2.8 Summary ........................................................................... 35 
 
 
HISTORY OF BANK EFFECTS 2.1 Introduction 
17 
2 HISTORY OF BANK EFFECTS 
2.1 Introduction 
2.1.1 History of ship model testing 
The first towing tank built in Torquay, England in 1871 by William 
Froude (Froude et al. 1955) marks the modern era of research on 
ship hydrodynamics. Before that time the shipbuilding industry 
relied more on tradition and experience than on systematic 
scientific research. The scientific research at those times was 
merely initiated out of scientific fascination. 
Some illustrious researchers did execute some documented 
investigations with model scaled ships; Leonardo da Vinci (1452-
1519) was one among them (Tursini 1953) (Figure 2.1 and 
Appendix 11.2). However, the focus in present work lies on the 
modern era of ship research. 
Figure 2.1 extract from da Vinci’s 
Viz. Folio 50/v codex G French 
Institute (Paris Manuscripts) with 
the three tested ‘ships’ on the top 
right corner of the left page 
(waterlines) 
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The mechanisation of ship propulsion in the 19th century triggered 
the need for systematic research on ship hydrodynamics. Initially 
the hydrodynamic research focuses mainly on the ship resistance 
and ship propulsion with the aim of increasing the forward speed 
(naval vessels) or decreasing the ship resistance (commercial 
vessels). 
Next the focus of hydrodynamic research was extended to other 
ship hydrodynamic applications such as manoeuvring and course 
keeping in deep water. Finally the dramatic increase of the ship’s 
main dimensions over the last decades (Figure 1.1) enhances the 
interest and significance of shallow water hydrodynamics. 
Only the forces in the horizontal plane acting on the vessel 
induced by the presence of a geometry or bathymetry are 
considered. For a manoeuvring vessel the kinematics and 
dynamics in the horizontal plane are of main concern although the 
six degrees of freedom are not independent. This is also the main 
focus in this literature study of the past research in shallow water 
hydrodynamics in the modern era. 
2.1.2 Classification of research 
Since the 1950s research has been published on the influence of 
the bathymetry/geometry of the fairway on the behaviour of 
sailing vessels. Some publications summarize and analyse 
previously published works at the time (Raad voor 
Transportveiligheid 2004), (McArthur 2011). 
A classification of research on bank effects can be based on the 
research methodology (Figure 2.2). A distinction will be made 
between: 
Model tests 
Full scale tests 
Mathematics 
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Figure 2.2 schematic overview of data type of historic research 
All publications will be classified in these three classifications or in 
a combination of these classifications. 
2.1.2.1 Model tests 
Tests carried out with scaled down ship models can be captive or 
free sailing. During free sailing tests no forces can be measured, 
only the reaction (position in time) of the vessel on different 
influences (such as installed banks) can be registered. 
During captive model tests the ship model can be towed through 
the towing tank on a straight line (with or without drift) or on a 
predefined curved path. These captive model tests can be carried 
out in a towing tank (most common facility for this type of tests), 
in a rotating arm facility or in a circulation water channel. 
Different constructions can be installed in the facilities or the walls 
and/or bottom of the facility itself is used to induce bank effects 
on the ship model. 
2.1.2.2 Full scale 
Dedicated full scale trials on bank effects are very uncommon and 
expensive but researchers are sometimes tolerated on board as 
long as they do not interfere with the commercial activities of the 
vessel. Common full scale tests are carried out with accurate 
(D)GPS measurement devices to monitor the lateral and vertical 
motions of the vessel in the fairway. Full scale trials are always 
free sailing tests, no forces on the hull can be measured but the 
reaction of the ship on external influences can be monitored by 
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measuring the position of the vessel in time or by investigating the 
behaviour of (closed loop) control systems (rudder, propeller) 
2.1.2.3 Mathematics 
The final branch of data source for bank effects is more diverse 




Mathematical models are parameterized sets of equations based 
upon physical models, numerical models and/or full scale 
observations. 
Numerical models are based on the combination of the 
discretization or simplification of the problem and fundamental 
equations. Examples of models based on discretization are 
numerical models based on potential flow or lifting line theory, 
computational fluid dynamics (CFD) and Reynolds Average Navier 
Stokes Equations (RANSE). If the ship geometry and by extension 
the entire problem is simplified, the slender body theories or other 
simple mathematical models such as potential flow or lifting line 
theory can be analytically solved. CFD and RANSE can solve 
complex, realistic geometries with the viscous effects being taken 
into account. 
Over the last 60 years computing power has increased beyond 
imagination. At the time calculations could be carried out 
according to the potential flow or lifting line theory while for the 
last decades the importance and user-friendliness of CFD increase 
year after year together with its reliability. The more computer 
power the closer the solution to the full Navier-Stokes equation 
gets. 
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2.2 Model test based research 
 
In the David Taylor Model Basin (Potomac, U.S.) model tests were 
carried out  in 1946-1947 primarily to obtain knowledge to assist 
the Panama Canal Company (nowadays Panama Canal Authorities 
ACP) in the design of a new cross section for the canal across the 
isthmus of Panama. These tests were reanalysed in (Schoenherr 
1960) to derive broadly applicable data for estimating the bank 
effects for full merchant ships (of that era). Remarkably the 
influence of the propeller on the bank effects (both sway force and 
yaw moment) is concluded to be of a minor influence. The lateral 
force is made dimensionless and analysed graphically. 
Model tests dedicated to bank effects were carried out in the 
Seakeeping Laboratory of Tokyo University. The results obtained 
were analysed and published by (Fujino 1968). Linear equations of 
motion for the lateral force and yaw moment were formulated as a 
function of the distance from the centre line, (angular) velocity 
components of the ship and rudder angle. The coefficients were 
obtained for different conditions (water depth and lateral 
restriction due to banks) by performing PMM tests (Planar Motion 
Mechanism). The coefficients derived from these PMM tests were 
compared to investigate the influence of water depth and banks. 
The necessary conditions to have course stability in a canal were 
calculated for the tested water depths and forward speeds. In (Eda 
1971) a similar research was carried out. Again equations based 
on captive motive model tests for the yaw moment and sway force 
were developed. The influence of the canal section was 
investigated and the relation with course stability checked. Based 
on the acquired knowledge a simulation of a ship navigating in a 
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channel was performed. Finally the acceptable main dimensions 
for both fairway and vessel for a safe passage were defined. 
(Sturtzel et al. 1966) carried out model tests a few years before 
(Fujino 1968) with gauges registering the wave pattern at four 
discrete positions between the ship model and the rectangular 
wall of the tank. Drawings with isobars based upon the wave 
registrations are created to describe and understand the 
phenomenon of bank effects. 
 
Figure 2.3 position of wave gauges (left) and isobars (right) from (Sturtzel 
et al. 1966) 
Model tests carried out with a tanker model in a fairway with a 
rectangular cross section and along sloped banks as well as 
stepped banks at a range of lateral positions were discussed in 
(Fuehrer 1978). The lateral force at the bow and stern are 
qualitatively described. The influence on both lateral forces (at 
bow and at the stern) of the type of asymmetry, the geometry of 
the bank, the heading and the forward speed are described. It is 
noticed that at low forward speed there is always attraction 
towards the closest bank in combination with a bow away 
moment. Over the entire length of the vessel there is a depression 
between ship and bank. At higher speeds the bow is pushed away 
from the closest bank (high pressure between ship and bank at 
this relative longitudinal location) but the stern section is still 
attracted (depression) with an increased magnitude towards the 
bank resulting in a large bow away moment. In very shallow water 
an overall repulsion force is reported. The same model tests have 
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been analysed to obtain the required canal width for a safe 
navigation in (Römisch 1978). As a result a design guideline has 
been proposed for the minimal width of a canal. Both authors 
jointly published in (Fuehrer & Romisch 1983) and point out the 
relation between the external forces induced by bank effects and 
control forces of the rudder. 
Dr. Nils H. Norrbin († 2011) performed important contributions to 
the topic of bank effects. One of his early publications (Norrbin 
1974b) reports a set of captive and free sailing model tests with a 
tanker model in the proximity of surface piercing and semi-
submerged vertical banks of variable length. He also reports that 
transient effects disappear for bank lengths of about six times the 
ship length. The superposition principle of the bank effects on 
port and starboard side is valid in a canal as well as sailing along 
only one bank. Even a small layer of water on a flooded (semi-
submerged) bank decreases the magnitude of the bank effects 
substantially. In (Norrbin 1974a) the superposition principle is 
validated and pressure gauges show the physics of the transient 
bank effects caused by different types of (short) banks. Model 
tests along sloped banks are described in (Norrbin 1985). A 
mathematical model for yaw moment and sway force is suggested. 
The magnitude of this force and moment is inversely proportional 
to the distance to the bank and proportional to the square of the 
forward speed (in the considered range). The influence of the 
slope of the bank increases with decreasing water depth. In (Brix 
1992) the mathematical model of (Norrbin 1974a) and (Norrbin 
1985) is summarized and suggestions are made for optimization 
of the model. 
An extensive model test program is reported in (Dand 1981) and 
(Dand 1982). In the test program ship models of two tankers, a 
general cargo ship, a container carrier and a passenger ship were 
involved. These ship models were towed along surface piercing 
banks as well as semi-submerged banks. The tests were carried 
out in a classic towing tank as well as a circulation water channel. 
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The results are discussed for the longitudinal force (resistance), 
lateral force, yaw moment and vertical sinkage and trim. 
A limited set of model tests focussing on the differences between 
a vertical wall and a sloped bank (a slope angle of 45° or 1/1) are 
described in (Renilson & Munro 1989). The bank induced sway 
force and yaw moment were modelled and implemented in the 
ship manoeuvring simulator at the Australian Maritime College. 
The mathematical model was extended based upon new model 
tests along four different bank slopes, water depths, lateral 
positions, hull form, forward speed and propeller action in (Ch’ng 
& Renilson 1990; Ch’ng et al. 1993) 
(Vantorre 1995) published a mathematical model based upon the 
model released by (Ch’ng et al. 1993) with regression coefficients 
based upon model tests. The tests were carried out with a partially 
laden 150 000 DWT bulk carrier and a Panamax bulk carrier. The 
latter was only tested at one water depth in a canal section with 
sloped banks on both sides while the first was towed in a captive 
way along a vertical bank at different water depths. One of the 
conclusions was the dependency on forward speed of the sway 
force and yaw moment even when both are made dimensionless 
by dividing by the square of the forward speed. Going from deeper 
water to (very) shallow water the overall attraction force appears to 
change in a repulsion force. The propeller action (first quadrant) 
results in an attraction force between the stern section and the 
closest bank and the direction associated with the rotation of the 
propeller (left or right) relative to the closest bank influences the 
sway force and yaw moment. 
(Delefortrie & Hermans 2001) suggest a Taylor series expansion 
for a mathematical model for the sway force and the yaw moment. 
The coefficients of the Taylor series are based upon the model 
tests along a vertical quay wall carried out as reported in (Vantorre 
1995). The model test database was extended with model tests 
carried out with a post Panamax container carrier (6 000 TEU) 
model towed along a vertical bank described in (Vantorre 2002; 
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Vantorre et al. 2003). In these publications the influence of the 
propeller action on sway force and yaw moment is introduced in 
the mathematical model by increasing the forward speed virtually 
with a forward speed depending on the thrust and diameter of the 
propeller. In the mathematical model the water depth is decreased 
with the average sinkage of the vessel due to squat. This is to 
cope with the higher influence in shallow water relative to deeper 
water. 
Model tests with rather short ship models (Lpp < 2m) are 
described and analysed in (Duffy et al. 2000; Duffy 2002). Two 
models from the MarAd systematic series and the S175 container 
carrier were towed at different distances and water depth along 
several semi-submerged sloped banks. The dependency of sway 
force and yaw moment on the tested parameters is shown and a 
rather analytical regression is carried out to obtain a mathematical 
model to implement in a ship-handling simulator. 
At Statens Skepps Provnings Anstalt (SSPA) model tests to 
investigate the bank effects induced by sloped and semi-
submerged banks have been carried out with ship models of a 
catamaran, ferry and tanker. These model tests are described and 
analysed in (Li et al. 2003). A mathematical model is proposed and 
copes with ship main characteristics, bank configuration, forward 
speed, propeller action and water depth (under keel clearance). 
Model tests with inland waterway vessels towed under a drift angle 
along a bank are discussed in (Gronarz 2009). The author explains 
the cross terms between the bank effects and the drift angles. 
Although the deviation increases by splitting the phenomena into 
pure bank effects and pure drift effects some conclusions can be 
drawn on the influence of the drift angle on the bank effects. A 
mathematical regression model is proposed and fast time 
simulations are executed. 
(Maimun et al. 2013) carried out model tests with a model of an 
LNG carrier. A rather unique relation between sway force and yaw 
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moment and the distance to the bank is found. The published 
tests are all characterised by a repulsion force away from the 
closest bank in both deep ቀ௛் ൐ ͵ቁ and shallow water ቀ௛் ൌ ͳǤʹቁ. The 
mathematical model is used to investigate the influence of the 
bank effects on the overall manoeuvrability of the LNG-carrier. In 
(Maimun et al. 2009) the same author reported a bow-in moment 
during model tests dedicated to bank effects. 
In (Lataire et al. 2007), (Lataire & Vantorre 2008) and (Lataire, 
Vantorre & Eloot 2009) the “d2b” (distance to bank) and 
“equivalent blockage” concepts were introduced to account for 
arbitrary bank shapes and channel sections. The manufacturer of 
ship bridge simulator Kongsberg has implemented these concepts 
in its simulator software (Kongsberg 2012). 
2.3 Mathematics based research 
 
Comparisons between model tests and numerical calculations have 
been reported by many authors but calculating the bank effects 
only based on analytical methods is less common. 
Potential flow calculations were described in (Newman 1965) with 
the focus on the pitch moment (around the y-axis) M and the 
vertical force Z. Based upon the Lagally’s theorem the force and 
moment acting on the body can be found with the velocity 
potential in terms of a three dimensional source distribution 
within the body and its mirrored image to create a vertical wall. 
The influence of the wall and bottom are taken into account and 
investigated. A non-dimensional speed term is proposed based 
upon the water depth dependent Froude number. 
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(Yeung 1974; Ronald W Yeung & Tan 1980) published a time 
dependent calculation method based on the slender-body theory 
for the bank effects. A general theory for a single ship sailing in a 
non-uniform incident flow is clarified (for all 6 degrees of 
freedom). This theory is applied for the induction on the vessel of 
sway force and yaw moment because of the presence of an 
irregular coast line or fixed obstacles. 
A different but similar calculation method (potential flow theory) 
as (Yeung 1974) is proposed in (Kijima & Qing 1987). The focus 
however is more on the design parameters of the harbour or canal 
than on the manoeuvrability of the vessel. Some calculated 
examples clearly show the influence of the sloped bank on the 
manoeuvrability of the vessel under consideration. It is concluded 
that the bank effects dramatically increase when the vessel’s 
position is close to the corner of the wedge shaped bank wall (toe 
of the bank). Simulations predict the influence of a design on the 
capability of a vessel to overcome the influence of the bank on the 
manoeuvring behaviour. 
With the potential flow theory (ideal fluid) and a numerical 
procedure for solving the integral equation as well as focussing on 
the Kutta condition (at the trailing edge of the vessel) (King & Tuck 
1979) show the influence on the vessel of moving along a vertical 
wall or above a uniform beach. Both yaw moment and sway force 
are made dimensionless and compared for different water depths, 
slopes and lateral positions from the bank. 
(Hsiung & Gui 1988) published also an extension of the numerical 
method published in (R W Yeung & Tan 1980). Different cases are 
calculated for a ship passing a range of constructions such as a 
circular pillar, sloped banks, vertical banks with a semi-circular 
mound (Figure 2.4) or a ship moving through a channel with 
hyperbolic plan view (Figure 2.4). Calculations are made for 
different more complex bank geometries in (Gui et al. 1990). Here, 
the Schwarz-Christoffel integral results in a set of non-linear 
equations which are solved through the Newton Raphson method. 
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All is based on the assumption of a non-viscous, irrotational and 
incompressible fluid. The main disadvantage of these assumptions 
are the total absence of any influence of the viscosity of the water 
(boundary layers). 
  
Figure 2.4 ship sailing along a semi-circular mound in the wall (left) and 
in a hyperbolic narrowing (and widening) canal (right). From (Hsiung & Gui 
1988) 
The time dependent transition from unrestricted sailing to sailing 
with a (sloped) bank at one side along the vessel is calculated with 
potential flow theory in (Lee & Lee 2008). When the bow reaches 
the bank  a small bow- in moment towards the bank is observed. 
As the vessel sails for her entire length along the bank the 
previous observed attraction force and bow away moment are 
obtained again. 
A very different type of numerical calculation is reported in (Lo, Su 
& Lin 2009; Lo, Su & Chen 2009). No potential flow theory based 
calculations but (CFD) calculations (Flow3D) are carried out 
(RANSE). Bank effects are calculated for a 3 600 TEU KRISO 
container carrier and commented. Unfortunately these calculations 
are not validated or compared with full scale nor model scale 
measurements. 
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2.4 Full Scale tests based bank 
effects research 
 
Full scale tests dedicated to bank effects are rare and research 
projects only based on full scale tests (without the comparison of 
model tests or mathematical computations) are even more scarce. 
At full scale only the effect and not the bank effect forces can be 
measured. 
(Koslowski 2007) contains some explanation of the measurement 
system to monitor the primary and secondary wave system 
induced by a large container carrier on the river Elbe in a small 
yachting harbour. This type of research is interesting for the wave 
pattern generated on a bank by a vessel but is out of the scope of 
present research. In (De Roo & Troch 2013), among many others, a 
similar type of research is performed for the damage caused by an 
inland vessel on a natural protected bank. 
2.5 Research based on model 
tests and mathematical models 
 
Together with model tests this is the most common type of 
research on bank effects. The outcome of a mathematical model 
or numerical calculations are compared to model test results for 
validation purposes. 
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In (Newman 1969) the potential flow calculation method as 
proposed in (Newman 1965) combined with Prandtl’s lifting line 
theory is implemented for a body moving between two vertical 
walls. The calculations are compared to the model tests carried 
out by (Norrbin 1969). 
For the 14th ITTC, (Norrbin 1975) summarizes the state of art (at 
that time) on shallow water hydrodynamics with a specific focus 
on bank effects. The physics as well as some mathematical models 
to predict force and moment are listed as well as model tests 
carried out in the scope of bank effects. 
The importance of the under keel clearance on bank effects is 
pointed out in (Beck 1976; Beck 1977). The slender body potential 
flow theory is applied together with some assumptions on the 
vortex and blockage to be able to compare the forces and 
moments (side force, yaw moment, sinkage and trim) with model 
tests (Norrbin 1974b) on a vessel sailing at different lateral 
positions and water depths between two vertical walls. 
The dimensions of existing navigation channels are assessed with 
the focus on the limitations because of increasing ship sizes in 
(Gates & Herbich 1977). The bank suction model proposed in 
(Schoenherr 1960) is used together with published models for 
squat, drift and rudder forces. The interesting concept of the 
Neutral Steering Line is defined as the position in the fairway 
where the lateral forces and yaw moments due to bank effects are 
counterbalanced. The measured and computed lateral force and 
yaw moment are compared to validate the models. This research is 
extended in (Gates & Herbich 1978) with the focus on the variation 
of the Neutral Steering Line caused by the asymmetry of the 
channel cross section and the required vessel drift and rudder 
angle to overcome the bank effects. 
With the background from hydraulics in rivers and channels 
(Kolkman 1978) focusses on the current generated by the vessel in 
a confined waterway. Numerical calculations are executed with 
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different dimensions of the fairway and model tests are carried out 
to visualise the current on the free surface. The effects of 
propeller action and bottom friction (viscosity) are taken into 
account. Examples show the impact of different channel 
geometries on the vessel’s response. 
A theoretical study is carried out by Yasukawa to investigate the 
manoeuvrability of a vessel in an arbitrary shaped canal in 
(Yasukawa 1991). The theory is a hybrid model of the potential 
flow theory, slender body and panel method. The results are 
checked with model tests from Norrbin. A trajectory with fast 
varying width of the fairway is simulated and concluded that 
course keeping will be harsh. The open data on bank effects 
(Lataire, Vantorre & Eloot 2009) and some model tests on ship to 
ship interaction (Vantorre et al. 2001) are used to check the 3D-
panel method by the same author in (Yasukawa et al. 2009). 
A velocity potential is defined in (Miao et al. 2003) to calculate 
numerically the sway force and yaw moment induced by the 
proximity of a bank. The wave pattern at the free surface and the 
pressure distribution are calculated based upon the same 
theoretical method. A comparison is made with model tests 
carried out at the Australian Maritime College with a model with a 
length between perpendiculars of 1.77 m. The correlation in deep 
water was satisfying but in more shallow water it was not. The 
absence of the viscosity in the mathematical model in combination 
with the rather short ship model (with a larger influence of 
viscosity) is expected to be the reason of this difference. A similar 
conclusion can be drawn from (Xia & Miao 2004). 
The influence of the tank walls during common resistance tests in 
a towing tank are quantified in (Kumar & Anantha Subramanian 
2007). The flow around a model of an ocean going barge is 
numerically modelled with a volume of fluid (VOF) model. The 
influence of the tank width is investigated based upon the 
numerical calculation and based upon model tests with two 
models with a different scale of the same barge. It is concluded 
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that the influence of the tank walls during a resistance test is 
negligible if the tank width W exceeds 5 times the beam B of the 
vessel (W/B>5). It must be remarked that this is only checked for 
deep water (h/T>7.5) and therefore at rather low water depth 
dependent Froude numbers Frh. 
CFD calculations with a commercially available Reynolds Averaged 
Navier Stokes Equitation (RANSE) model (Fluent) are reported in 
(Wang et al. 2010) . An SST κ - ω turbulence model is adopted to 
cope with the viscous flow field. Some of the calculations are 
compared with published results from model tests (Vantorre 2002) 
and a lot of variations on the position in the cross section and 
water depths are calculated. 
In (Chetvertakov et al. 2011) first the problem is solved in a 2D 
calculation model. With the same commercial CFD-package as 
(Wang et al. 2010),  Fluent, some calculations are made to be able 
to create a regression model for bank effects. This model takes 
the drift angle into account and is compared with model tests. The 
mathematical model is implemented in the ship manoeuvring 
simulator and tested. 
The panel method (3D first order Rankine) is adopted to calculate 
the sway force and yaw induced by a vertical bank and a sloped 
(1/3) bank on an 8 000 TEU container carrier. These calculations 
are compared with the published open data on bank effects 
(Lataire, Vantorre & Eloot 2009). 
(Zou et al. 2011; Zou & Larsson 2013) report an extensive 
comparison between CFD-calculations and model tests with a 
VLCC at different water depths and along different types of sloped 
banks. The focus lies mainly on the uncertainties of calculations 
and measurements. The RANS method could cope satisfactorily 
with trim and sinkage. This is much less the case for the (older) 
potential flow method which does not take into account viscosity 
since the fluid is idealized. 
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Overall it can be concluded that, although computer power has 
increased enormously over the last decades and numerical 
methods can cope and solve the Navier Stokes equation better, the 
numerical calculation of bank effects in shallow water remains 
challenging for both computer processors and their operators. 
2.6 Research based on model 
tests and full scale 
measurements 
 
Model tests are used to develop a mathematical regression model 
for the sway force and yaw moment induced by the proximity of 
sloped and semi submerged banks in (Duffy et al. 2009). The 
important difference between a sloped bank and a semi-
submerged bank is pointed out again together with an extensive 
description of the observed sway force and yaw moment for 
different types of bank geometry, water depths and ship-bank 
distance. The proposed mathematical model is implemented in the 
ship manoeuvring simulator and evaluated by experienced pilots 
from the port of Weipa (Australia). 
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2.7 Research based on model 
tests, full scale measurements 
and mathematical models 
 
The combination of full scale tests, model tests and mathematical 
calculations (lifting line theory) was performed in (Brard 1951). 
The separation of the flow at high rudder angles in combination of 
a low Reynolds number on the rudder at model scale in the 
rotation arm facility, results in a scale effect of the influence of the 
rudder on the hull. The course stability is checked by 
extrapolating the results of dedicated captive model tests in the 
rotating arm facility without drift angle at different rotational 
speeds to a virtual straight line motion. Based upon model tests in 
the Paris model basin (towing tank), the non-dimensional 
longitudinal force, lateral force and yaw moment are compared in 
deep and shallow water with and without banks. The typical cross 
section of the Suez Canal was installed in the shallow water towing 
tank for the latter. The results are evaluated with the lifting line 
theory. 
In (Fenical & Carter 2009) the in house developed numerical 
calculation method Vessel Hydrodynamics Longwave Unsteady is 
used to compare full scale measurements with model tests among 
others. The validation is done for berthed vessels by comparison 
with (Remery 1974), squat was compared with (Guliev 1971) and 
bank effects with (Lataire, Vantorre & Delefortrie 2009). 
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2.8 Summary 
The literature study is split into three research methodologies (and 
all combinations of these three methodologies); model tests 
carried out in a towing tank (most are captive model tests), 
mathematics (potential flow theory, lifting line theory and the 
more up to date computational fluid dynamics CFD), and full scale 
observations. 
Most of the research on bank effects was carried out in a towing 
tank. The test series seldom resulted in more than 100 different 
model tests. The knowledge obtained from the tests carried out in 
the towing tank results in mathematical models for specific 
combinations of ship and bank. Most tested bank geometries are a 
vertical quay wall (the wall of the towing tank could be used) and 
constant sloped banks. 
Computational fluid dynamics still suffer from the complex 
boundary layer in shallow water and on the (non-symmetric) 
bathymetry. Although CFD becomes more and more user-friendly 
the application on bank effects remains challenging, with larger 
calculation times and complex meshing solutions compared to 
open water hydrodynamics. 
Only a limited amount of tests are carried out at full scale, the 
vertical sinkage of the ship (squat) and not the forces in the 
horizontal plane induced by the banks nearby are investigated 
during these full scale measurements. 
The only open data on bank effects, free to use and available in 
digital format, is published under the auspices of the Knowledge 
Centre Manoeuvring in Shallow and Confined Water although some 
more processed results based on model tests can be derived from 
other (older) publications. 
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3 PHENOMENON: BANK EFFECTS 
It is easier to rob by setting up a bank than by holding up a bank clerk. 
Bertolt Brecht 
 
Bank effects are known as the hydrodynamic influence of banks on 
the sailing vessel. This influence manifests on the vessel in various 
ways and can be split for, better understanding, into different 
sub-effects. Forces act on the vessel (lateral, longitudinal, vertical) 
as well as moments are induced resulting in a different trim, 
heading (yaw moment) and heel angle (roll moment). 
In present chapter the phenomenon of bank effects is first 
explained with some basic physics and with an idealised fluid 
(potential flow theory). The importance and large influence of 
shallow water is made clear with the Kelvin wedge. 
One model test carried out in a shallow water towing tank is used 
to show the hydrodynamics involved. A plot of the free surface is 
compared with the results from the previous simplifications done 
in the potential flow theory. 
A track plot from a full mission bridge simulation on the river 
Scheldt is exemplified to show the impact of bank effects on this 
specific simulation run. 
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Finally, a real life calamity shows that bank effects played a role 
(among other factors) in the poor outcome of this specific passage 
on the river Scheldt. 
3.1 Main principle 
The fundamental principle of bank effects acts as follows: A 
moving displacement vessel displaces an amount of water 
(Archimedes’ principle) and this amount of displaced water travels 
along the hull. For a vessel sailing forward this water runs from 
the bow towards the stern. On wide and open shipping routes 
(ocean) this water can travel almost without restrictions along and 
under the vessel. This water flow induces some hydrodynamic 
phenomena (squat among others) but no bank effects. 
 
Figure 3.1 a simplified cross section of a vessel in a rectangular fairway 
(port side (P) to the left, starboard side (S) to the right). 
In restricted waters the streamlines around the ship tighten. Now 
assume a vessel sailing on the starboard side in a fairway with a 
rectangular cross section (Figure 3.1). Similar as sailing on the 
ocean all the displaced water must travel along the vessel. 
(Actually this is only true as long as the vessel sails at a forward 
speed smaller than the critical speed so there is no presence of 
solitons and the conservation of mass over the cross section still 
stands.) In the situation as in Figure 3.1 there is a restriction for 
the water at the port and starboard sides due to the presence of 
the banks, and under the vessel between the keel of the ship and 
the bottom of the fairway. 
Let us assume for reasons of explanation that 1/3 of the displaced 
water must travel under the vessel, 1/2 between the vertical wall 
and the vessel at port and finally 1/6 between the ship and the 
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closest wall at starboard. Three times more water at port than at 
starboard because of the smaller area at the starboard side than at 
the port side. At both sides the water is squeezed in (because of 
the presence of the ship) but relatively more at starboard than at 
port. To be able to evacuate the necessary amount of water the 
water velocity will be higher at the more confined side than the 
wider port side. The increase of water velocity will depend on the 
space available. The more space there is (in this example at port 
side), the lower the return speed will be (for the same forward 
speed of the vessel). Now there is a speed difference between port 
and starboard side of the vessel. In present example the return 
speed will be higher at the starboard side than at the port side. 
The increased water flow between ship and wall will also create a 
pressure drop in the same area, the free surface level will drop in 
obedience to this pressure drop and because the pressure at the 
free surface must be the atmospheric pressure (as a consequence 
the hydrostatic pressure must drop). According to the Bernoulli 
principle, the speed difference (port and starboard) will introduce 
a pressure difference on the vessel hull. The higher the return 
speed, the lower the pressure. The pressure at the more restricted 
starboard side will be lower than at the port side. This pressure 
difference results in a force and moment acting on the vessel. 
Not always but very common (as in previous example) the vessel 
will endure an attraction force directed towards the closest bank 
and a yaw moment pushing the bow away from the closest bank. 
Therefore bank effects are sometimes referred to as bank suction. 
However in some specific situations the vessel is pushed away 
from the closest bank and therefore the term bank effects is 
favoured in present dissertation. In the longitudinal direction the 
presence of banks will increase the longitudinal force acting as an 
added resistance. 
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3.2 Potential Flow 
3.2.1 Rankine ovals 
A simplified 3D potential flow is considered to verify the previous 
description of bank effects. The vessel is represented by a Rankine 
oval in a uniform flow of the same speed as the forward speed 
(over ground) of the vessel. The Rankine oval is a prolate spheroid 
with length Lpp (in the elongated direction) and a maximum width 
(or diameter) equal to the breadth of the vessel (Figure 3.2). The 
Rankine oval consists of a source – sink twosome with the same 
magnitude m (but with opposite signs). 
 
Figure 3.2 the streamlines around a Rankine oval in a uniform flow 
Stream function of the 3D Rankine oval with coordinate system as 
in Figure 3.2:  ࣒ ൌ ࢁ࢞ െ ࢓૝࣊ ൬ ૚ඥሺܠା܉ሻ૛ା࢟૛ାࢠ૛ െ ૚ඥሺܠି܉ሻ૛ା࢟૛ାࢠ૛൰ (3.1) 
with m the magnitude of the source and sink and a half the 
distance between source and sink. The magnitude m and distance 
a must fulfil the following equations to obtain a Rankine oval of 
the required dimensions:  ۺܘܘ૛܉ ൌ ට ࢓࣊ࢁࢇ ൅ ૚ (3.2)  ۰૛܉ ൌ ࢓࣊ࢁࢇ ቀ࣊૛ െ ܜ܉ܖି૚ ቀ ࡮૛ࢇቁቁ (3.3) 
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3.2.2 Mirror planes 
The bank or vertical quay wall is represented by introducing a 
second Rankine oval at twice the distance between the vessel’s 
centreline and the wall. In this way a mirror is introduced, located 
at the same position as the vertical wall. There are no streamlines 
penetrating or leaving this mirror plane. There are only 
streamlines that are on and stay on that mirror plane. The 
potential flow is inviscid (no viscosity and thus no boundary layer) 
and irrotational (fluid elements have no angular velocity). The 
absence of the viscosity is a disadvantage of this potential flow 
method. 
To implement the shallowness of the environment, two more 
Rankine bodies are added to create a second mirror plane to 
represent the bottom (Figure 3.3). Since the cross sections of the 
Rankine ovals are circles with a maximum diameter B, the draft of 
this oval is 
஻ଶ. Therefore the pair of Rankine ovals (or better the 
source and sink) are positioned at a distance of ʹ ௛் ஻ଶ  or ௛஻் from 
each other. This is to create the same water depth to draft ratio. 
Again no streamlines enter or leave this mirror plane but travel 
along that plane because of the absence of a boundary layer in an 
inviscid irrotational flow. 
 
Figure 3.3 ideal fluid mirrors for introducing vertical bank and bottom 
(top side view, left) and two Rankine ovals to create a vertical bank (front 
view, right) 
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3.2.3 Pressure at the free surface 
In the fluid as represented in Figure 3.3 only the Bernoulli wave 
system can be found because the free surface is imposed flat. The 
pressure at the ‘free surface’ is shown in Table 3.1. Since there is 
only one (ideal) fluid involved in the entire domain, there is no 
interface between two fluids (in case of a ship this is water and air) 
and as such no free surface. The pressure at the virtual free 
surface can be used to calculate a representing wave height. 
 
Table 3.1 pressure [10 N/m²] at ‘free surface’ in an ideal fluid and with 4 
Rankine ovals to create a wall and shallow water, h/T 150% 
High (green) and low (red) pressure regions (relative to the 
pressure at zero speed) can be distinguished in Table 3.1. The 
entire low pressure region at both sides of the vessel is 
responsible for the vertical sinkage (squat). The depression with a 
higher magnitude between ship and bank (starboard side) relative 
to the other side of the vessel (port) is responsible for the overall 
attraction force of the vessel towards the closest bank. 
3.2.4 Idealised fluid 
Some of the consequences of some drastic simplifications 
(idealised fluid) can be seen in Figure 3.4. In this figure the 
pressure at the ‘free surface’ for one lateral position (y0=0.4 B 
from the vertical wall) is plotted. This plot is slightly similar as the 
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registration of a wave gauge at an earth fixed position. Remark the 
symmetry along the midship (position x0=0). As a result of this 
symmetry the integrated pressure at the bow equals the pressure 
at the stern. 
 
Figure 3.4 'free surface' pressure at one lateral position between ship and 
bank/mirror at y0=0.4m 
If the pressure over the entire domain is integrated the result will 
be zero. This is a consequence of D’Alembert’s principle and 
means the vessel (represented by a Rankine oval) in an irrotational 
and non-viscid fluid does not have a resistance. The bow wave is 
compensated by the stern wave. 
3.2.5 Attraction force 
The lower pressure between the starboard side of the vessel and 
the vertical wall/mirror and the port side is shown in Figure 3.5. In 
this figure the pressure on the free surface, perpendicular to the 
vertical wall and at a position of 30% of Lpp behind the midship 
section is plotted. The pressure difference between both sides of 
the vessel is clearly seen. In between the vertical wall and the 
starboard side of the vessel the integrated pressure is lower than 
the integrated pressure at the port side. When integrated over the 
entire draft of the vessel/Rankine oval this pressure difference 
results in an overall force directed towards the bank (attraction of 
the vessel towards the bank). 
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Figure 3.5 pressure at 'free surface' for one longitudinal position at both 
sides of the Rankine oval 
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3.3 Kelvin and Havelock 
In Table 3.2 the pressure is shown at a very small water depth of 
only 110% of the draft of the vessel (again, in this Rankine case the 
draft always equals half the beam). 
 
Table 3.2 pressure [10 N/m²] at ‘free surface’ in an ideal fluid and with 4 
Rankine ovals to create a wall and shallow water, h/T 110% 
Even at very low water depths (as in Table 3.2 with a h/T ratio of 
1.10) there is no excessive high pressure region between the 
forward part of the vessel and the bank. This is because of two 
main simplifications; the potential flow is frictionless and the 
absence of an interface water – air. 
3.3.1 Kelvin angle 
The boundary condition on the free surface which imposes that all 
particles at the free surface always stay at the free surface, results 
in the dispersion relation. Because of the absence of a free surface 
there is no Kelvin wave system in present type of potential flow. 
Kelvin wave patterns can be modelled with potential flow but not 
without free surface as is the case in this assumption. Therefore 
the Kelvin angle is calculated according to (Havelock 1908). In this 
publication column “p” in Table III is incorrect, the correct values 
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are 10.00; 8.00; 6.00; 5.00; 4.00; 3.01; 2.07; 1.31; 1.08; 1.01; 
1.00. This calculation error has no consequences. 
 
Figure 3.6 half the Kelvin wedge α in shallow but open water ൫ࡲ࢘ࢎ ൌࢂȀඥࢍࢎ൯ 
 ܋ܗܛ૛ ࢻ ൌ ቐૡሺ૚ି૛࢑ࢎȀ ܛܑܖܐ ૛࢑ࢎሻሺ૜ି૛࢑ࢎȀ ܛܑܖܐ ૛࢑ࢎሻ૛ ࡲ࢘ࢎ ൏ ૚૚ െ ૚ࡲ࢘ࢎ૛ ࡲ࢘ࢎ ൒ ૚  (3.4) 
To obtain the shallow water wave number ki (with i the ith iteration) 
the iteration starts with the deep water wave number k0:  ࢑૙ ൌ ࢍሺࢁ ܋ܗܛ ࢻሻ૛ (3.5) 
And the iteration equals and stops when ݇௜ െ ݇௜ିଵ ൎ Ͳ:  ࢑࢏ ൌ ࢑૙ ܜ܉ܖܐ࢑࢏ି૚ࢎ (3.6) 
Figure 3.6 shows the influence of the water depth dependent 
Froude number on half the Kelvin wedge α in the sub and super 
critical speed range. The Kelvin wedge remains 19°28’27” until Frh 
is about 0.5. From this speed on the angle increases rapidly up to 
the maximum of 90° at the critical speed. In confined water the 
critical speed will be smaller than Frh=1 (Schijf 1949) and as a 
consequence the Kelvin angle will increase at lower water depth 
dependent forward speeds.  
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3.3.2 Pressure shift 
The increase of the Kelvin angle is a clear indication of shallow 
water effects (Soomere 2007) on the vessel. In shallow water the 
Kelvin angle α increases because of the influence of the bottom on 
the dispersion relation. This results in an increased pressure which 
creates a congestion in the gap between the first half of the vessel 
and the bank-bottom. The high pressure region according to the 
Bernoulli principle calculated with potential flow theory located 
more to the front of the vessel shifts into the fore region around 
the ship. This compensates and overcomes the Bernoulli 
depression (which is pushed backwards). Now there is a higher 
pressure region between vessel and bank along the first half of the 
vessel. This results in a repulsion force away from the closest bank 
at the fore part of the vessel. 
The combination of the repulsion force at the forward part of the 
vessel and the attraction force at the aft results in a large bow-out 
moment. Sometimes the overall attraction force becomes even a 
repulsion away from the closest bank. 
3.4 Model test example 
More than 10 000 model tests especially dedicated to bank effects 
are carried out in the Towing Tank for Manoeuvres in Shallow 
Water (cooperation Flanders Hydraulics Research — Ghent 
University) in Antwerp, Belgium. These tests are extensively 
expounded in next Chapter 4. 
 
Figure 3.7 model test with a tanker model in a rectangular cross section 
with width W=5B 
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3.4.1 Model test 
Among all those tests some are carried out with a scale model of a 
Very Large Crude oil Carrier (VLCC) (Appendix 11.4.4) in a 
rectangular cross section. The width of this rectangle is five times 
the breadth of the vessel and the height is 1.5 times the draft 
(Figure 3.7). A mathematical model for the vertical sinkage and 
trim based upon these tests is published in (Lataire et al. 2012). 
The model is towed at a forward speed of 12 knots according to 
full scale (scale factor 75). During these model tests some wave 
gauges registered the free surface at different discrete positions 
(Figure 3.7 and Figure 3.8). 
 
Figure 3.8 position of wave gauges × (WG#1 and WG#2) in the test 
section of the towing tank 
One wave gauge (wave gauge #1) is positioned at the port side of 
the vessel and (very) close to the vertical wall (20 mm from the 
vertical wall, 180 mm from the flat of side of the vessel at port). 
The other gauge (wave gauge #2) is positioned at a lateral 
distance of 773 mm from the other wall (and at a lateral distance 
of 2120 mm from the starboard side of the ship model). Both at 
the fixed longitudinal position 19 m from the origin of the earth 
fixed coordinate system of the towing tank.  
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3.4.2 Registration of the free surface 
The registrations of these gauges are analysed and ground the 
assumptions previously made on bank effects. 
 
Figure 3.9 registration of wave gauges #1 & #2, dotted line is the 
expected initialisation of Kelvin pattern based upon (Havelock 1908) 
In Figure 3.9 the two registrations of the wave gauges are plotted 
as a function of a dimensionless position of the vessel. A Fast 
Fourier Transformation (FFT) is executed for the registration of 
wave gauge #1 (Figure 3.10). For both registrations a high (about 
2 Hz in FFT) and low order (about 0.2 Hz) frequency can be 
distinguished. 
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Figure 3.10 Fast Fourier Transformation of wave registration at wave 
gauge #1 
3.4.3 Bernoulli wave system 
The lower order frequency (with a wave length of about 1 ship 
length) is attributed to the Bernoulli system. The lower pressure 
region travels at the same speed but also at the same longitudinal 
position of the vessel over almost the entire width of the fairway. 
This lower order pressure distribution is in shape similar to the 
results obtained with the potential flow theory in section 0. The 
symmetry as mentioned in the potential flow between the fore and 
aft half of the vessel does not stand. The higher wave height at the 
bow than at the stern will result in (added) resistance. This also 
indicates a larger high pressure region at the fore than at the aft 
section. This, in combination with the asymmetry between port 
and starboard side, generates a yaw moment pushing the bow 
away from the closest bank. 
This Bernoulli system with a broad area of water level drop around 
the vessel is also accountable for the vertical sinkage and trim of 
the vessel as well as the overall attraction force towards the 
vertical wall. 
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3.4.4 Kelvin wave pattern 
The higher order frequency (in this example wave lengths of about 
7% Lpp) is attributed to the Kelvin pattern. Remark the later 
initiation of this higher order frequency on wave gauge 2 
compared to wave gauge 1. This is because of the position further 
away from the vessel. The exact initiation can be computed with 
basic goniometry and the Kelvin angle according to the correct 
water depth (Figure 3.9 and Figure 3.11). 
 
Figure 3.11 cusp locus according to Kelvin added (Frh=0.353) 
The sooner initialisation of the Kelvin pattern is attributed to the 
full geometry of the vessel while the calculation is based upon a 
travelling point at the position at the forward perpendicular. If this 
point is shifted more towards the front of the vessel a better 
prediction is obtained (Appendix 11.3). 
3.5 Simulation example 
3.5.1 Trace 
The full mission ship manoeuvring simulators at Flanders 
Hydraulics Research (in next chapter more details on these 
facilities are added) contain a mathematical model for bank effects 
as published in (Lataire & Vantorre 2008). The aim of present 
example is to show the need for an accurate and reliable model for 
the bank effects. In the specific example here two simulators are 
coupled and the meeting of two large container carriers (both with 
Lpp=381m) on the River Scheldt (close to the Europaterminal in 
the harbour of Antwerp, Belgium) is simulated. The vessel coming 
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from sea heading toward the Deurganck Dock (going north to 
south in the plot of Figure 3.12) is of most interest here. 
3.5.2 Bow-away moment 
Around green buoys 89A and 91 the vessel encounters an 
attraction force in combination with a bow-away moment (bow 
towards port) due to bank effects. The ship has a forward speed of 
about 12 knots at this moment which is a rather high speed 
sailing so close to the bank. The bow-away moment must be 
compensated with a rudder angle pointing the bow of the vessel 
again towards the green side of the natural river. The combination 
of the bow-away moment because of the bank effects and the 
moment induced with the rudder yawing the ship towards 
starboard results in a lateral shift directed to the other side of the 
fairway (although there is an attraction force directed to the green 
side by the bank). In this specific example this lateral shift is so 
drastic that the meeting of both ships was carried out green on 
green (non-conventional starboard-starboard) to be able to pass 
without harm. 
 
Figure 3.12 track plot of a simulation of a meeting of two large container 
carriers on the river Scheldt in the port of Antwerp with the ship going 
southwards suffering from bank effects at buoy 89A (from FHR m689/4 
run 112) 
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The induced moment is by far the most dangerous consequence of 
bank effects. The vessel loses manoeuvrability because the 
moment must be compensated by the rudder while this rudder 
already must cover the track-keeping through the fairway itself. 
Because of the bow-away moment in combination with the 
(incomplete) compensation of this moment a lateral shift towards 
the centre of the fairway comes into existence and the vessel ends 
up at the wrong side of the river. 
3.5.3 Propeller action 
Sometimes the propeller action is decreased when a calamity is 
expected but this drop in (forward) propeller action decreases also 
the impact of the rudder on the manoeuvrability of the vessel. The 
ship already sails at a rather slow speed in confined waters 
compared to open and deep waters as well as the efficiency of the 
rudder without a jetstream generated by the propeller. Therefore it 
is recommended to keep the propeller rate at a minimal value 
when suffering from bank effects to keep the manoeuvrability of 
the vessel at a minimal level (Eloot et al. 2007). 
 
Figure 3.13 required rudder capacity to keep track in the Gaillard Cut 
(2007 situation) at different propeller rates when the ship is aligned 
before a meeting. From (Eloot et al. 2007) 
In Figure 3.13 the required rudder capacity (maximum rudder 
deflection corresponds with 100%) to keep track is plotted for 
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three different propeller actions (stop, dead slow and slow), 
different forward speeds (4 up to 8 knots) and the ratio between 
the distance to the buoy line and the ship’s beam. A larger 
magnitude of the rudder angle is required the closer the ship sails 
to the buoy line, the lower the propeller rate and the faster the 
ship sails. 
3.6 Real life calamity 
3.6.1 Pelican I and Maersk Bahrain 
Sunday 20th  April 2003 the container carrier Pelican I collided with 
the container carrier Maersk Bahrain in the Bend of Bath on the 
River Scheldt (Roemers & Pimentel 2005). 
 
Figure 3.14 tracks of the vessels Pelican I (left) and Maersk Bahrain (right) 
before colliding from (Roemers & Pimentel 2005) 
In Figure 3.14 the tracks of both vessels are plotted on the 
nautical map at the Nauw van Bath. The track of the Pelican 
coming from sea heading towards the harbour of Antwerp 
(easterly heading) is the vessel that suffered from bank effects. At 
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about buoy 75 the vessel is attracted towards the closest bank 
(Platen van Saeftinge), her bow is pushed away towards the centre 
of the fairway and heavy vibrations on the vessel are reported 
(Roemers & Pimentel 2005). These vibrations are known by pilots 
and occur when the waves coming from the vessel travel along the 
vessel at a higher speed than the critical speed. A breaking wave 
sailing along with the vessel can be observed (Figure 3.15). 
 
Figure 3.15 standstill from video taken from the top deck of the Super 
Tanker looking down on three surfers in Summer 2006 
www.youtube.com/watch?v=C5PsF7y1Jdk 
Since the bow of the vessel is pushed away from the bank, the rate 
of turn to make the bend is not only diminished but the ship even 
turns into the wrong direction. The vessel starts turning to port 
while it must turn to starboard to make the curve in the fairway. 
This is why the Pelican ended at the wrong side of the river 
bumping into the container carrier Maersk Bahrain. 
 
Figure 3.16 salvage of the Pelican I source: 
www.cargolaw.com/images/disaster2003_pelican3.GIF 
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3.6.2 Simplification 
Of course more elements than bank effects are involved preceding 
this calamity (such as propeller actions, rudder actions, 
miscommunication etc.) but for reasons of simplicity these are not 
taken into account here. It is out of the scope of present work to 
point out the responsible persons for this accident. This is done 
and published in (Roemers & Pimentel 2005). The sole aim of 
present example is to point out the importance of bank effects on 
a safe trip on a restricted and confined fairway. 
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4 MODEL TESTS 
There is only a very limited amount of test results dedicated to 
bank effects available in publications. In most published papers 
the data is incomplete or intentionally concealed. Furthermore 
most tests are carried out along a vertical wall which is only a very 
specific type of bank geometry. The types of bank geometries of 
interest for Flanders Hydraulics Research are not tested or 
published in a workable category of data. 
Model tests in a towing tank cannot (and will not in the near 
future) be replaced by mathematical calculations such as 
Computational Fluid Dynamics (CFD) although the calculation 
power of computers keeps on increasing and CFD-programs 
become more user-friendly. It can be expected that both (CFD and 
model tests) will extend the knowledge of complex (shallow water) 
hydraulics with their specific merits. CFD-programs coping with 
the shallow water problem are rare and sometimes suffer from the 
main influence of all boundary layers (on the hull, appendages, 
bottom, banks). Furthermore the software and hardware do not 
become cheap (but open source CFD like OpenFOAM does exist). 
The calculation time to mathematically simulate only one steady 
state test carried out in a towing tank (less than one hour in 
between two runs) takes as much as 40 hours on 48 processors 
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(Capron & Barbieux 2012). On the other hand the running and 
investment cost of a towing tank must not be underestimated. 
As bank effects are considered to be a decisive factor for the 
admittance policy for large, deep-drafted ships to ports making 
use of confined access channels, a research project on the topic 
was initiated by the administration of the Flemish Government. In 
2006-2007 about 12.000 systematic model tests were carried out 
with two ship models and 8 different bank geometries in the 
Towing Tank for Manoeuvres in Shallow Water (cooperation 
Flanders Hydraulics Research — Ghent University) in Antwerp, 
Belgium. In 2010 this systematic series was extended with more 
than 2.000 model tests with 5 different ship models and 4 surface 
piercing bank geometries. 
This data set is as far as known/published the most extensive and 
largest set of model tests dedicated to bank effects. This data set 
has been extended with some historic tests carried out at the 
same facilities in Antwerp (not specifically dedicated to bank 
effects but applicable) but also with some model tests which are 
obtained by a data exchange with a foreign research institute. This 
data exchange is carried out under a specific confidentiality 
agreement. Therefore these data are referred to from hereon as 
“Data exchange 1” or abbreviated to DE1. 
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4.1 Test Facilities 
Different test facilities are used in present research. The main 
properties and particularities are explained. 
4.1.1 Towing tank Flanders Hydraulics 
Research 
4.1.1.1 Scope 
Most of the tests have been carried out in the shallow water 
towing tank of Flanders Hydraulics Research (cooperation Flanders 
Hydraulics – Ghent University) or FHR towing tank. A technical 
overview of this towing tank can be found in (Van Kerkhove et al. 
2009). Commissioned by the Flemish Government the towing tank 
was built in 1992 to provide more scientific insight into the 
shallow water issues encountered by the increasing vessel sizes 
calling the Belgian/Flemish harbours. Knowledge obtained in this 
towing tank provided the input to optimize the ship manoeuvring 
simulators at Flanders Hydraulics Research for shallow water 
navigation. 
The reason of existence of the towing tank is thus slightly 
different from most tanks. There is no significant interest into 
resistance tests of new designs but merely on the shallow water 
manoeuvring behaviour of vessels calling the Belgian harbours. 
The equipment of the towing tank was designed for captive model 
testing but since 2009 the carriage has been adapted enabling 
free running manoeuvring tests. 
4.1.1.2 Towing Tank 
The FHR towing tank has a total length between the walls of 
87.5m but because of the presence of wave damping devices, a 
wave generator and a harbour for model preparation the useful 
length for model tests is 68.0m. The width of the tank is equal to 
7.0m over the entire useful length. In the early nineties these 
rather modest dimensions were thought to be sufficient for 
manoeuvring tests with ship models of about 4 m length between 
perpendiculars since the maximum forward speed during these 
tests is also modest (<1.5m/s). 
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The increasing ship sizes and according scale factor together with 
an increasing capacity created the need for a second, larger 
towing tank (Delefortrie et al. 2010). This new towing tank (main 
dimensions 150x20x1m³) is being designed and is planned to be 
built within the next years. 
The present towing tank can contain only a water depth of 0.50m. 
Again this shallow water depth is consequent with the purpose of 
the tank. With this tank depth, water depths up to 250% of the 
draft of a typical ship model can be tested. 
length over all 87.5 m 
net length 68.0 m 
width 7.0 m 
max. water depth 0.5 m 
Table 4.1 the main dimensions of the towing tank at FHR 
Sometimes model tests are carried out in extremely shallow water. 
At rest there is only a very small absolute gap between the keel of 
the ship model and the bottom of the tank (about 15mm). For this 
reason it is of the utmost importance to have a very accurate 
bottom of the towing tank. After years of usage the bottom fell 
out of the required range and in 2008 the entire bottom was 
flattened again with a milling machine. After this operation an 
absolute accuracy of ±1mm over the entire surface of the tank is 
obtained (Appendix 11.4). 
For the same reason the alignment and position of the rails 
running on both sides of the tank are checked regularly and 
adjusted if necessary. 
4.1.1.3 Carriage 
The base construction of the main carriage (Figure 4.1) is a 
combination of lateral and transversal girders running over the 
rails. The planar motion mechanism is the combination of a 
longitudinal carriage, lateral carriage and turning table, controlled 
independently, resulting in an arbitrary trajectory in the horizontal 
plane imposed on the ship model. 
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Figure 4.1 main carriage of FHR towing tank with a ship model in captive 
towing condition 
A very unique feature of the carriage is the fully automated and 
unmanned manner of executing model tests. Experiments are 
executed in batch in a fully automatic way 24/7. Because of the 
time needed for the water to calm down in between two runs 
about 35 tests can be executed in 24 hours. The long term 
average is 25 model test runs a day because of the required build 
in time between projects, changing ship models, specific 
calibrations etc. 
A predetermined trajectory is followed by the ship model during a 
captive manoeuvring test. Forces, positions, rate of turns, 
moments are measured of hull and appendages (Section 4.6.6) but 
also measurements of the wave system in the tank can be 
registered. 
4.1.1.4 Interaction features 
The tank is equipped with different devices to be able to 
investigate external influences or interactions with the ship model. 
A piston type wave generator is installed at the end of the towing 
tank (with a flap of the same width of the tank). Both regular and 
irregular wave patterns can be generated; typical results are the 
wave induced vertical ship model motions in shallow water. 
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The tank is also equipped with an auxiliary carriage for towing a 
second ship model independently from the ship model towed with 
the main carriage. This second carriage moves the ship model with 
a speed controlled belt, only at courses parallel to the longitudinal 
direction of the tank. With this device the overtaking, overtaken 
and meeting of two vessels can be simulated. 
If the required speed in the longitudinal direction of the tank is the 
same for both vessels under consideration then a second beam 
can be attached to the main carriage. This has been done for tests 
on ship to ship interaction during lightering manoeuvres (Lataire 
et al. 2012) and ship – tug interactions (Geerts et al. 2011). 
Volumes with a predefined shape are installed in the tank for the 
research on bank effects. Different types of concept to obtain 
these volumes can be distinguished. The more gently sloped 
banks consist of a protection layer on the bottom of the tank with 
pebbles on top of it and finished with a layer of screed (Figure 
4.2). This type of banks can be used only once. 
 
Figure 4.2 protection layer, pebbles and screed as finishing layer for 
gently sloped banks (under construction) 
For steeper banks moulded modules are used which can be reused 
afterwards. Fibre reinforced concrete is poured into the mould and 
the blocks are aligned in the towing tank (Figure 4.3). Specific 
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attention is given to the toe of this bank which is sealed to the 
bottom to be water tight. 
 
Figure 4.3 moulded block for a bank with slope 1/1 
Less steep banks consisted out of a moulded toe, a support block 
and a water resistant plate (Figure 4.4) which is again sealed to the 
toe and the adjacent plates at all sides. This is very important to 
avoid water to leak through the bank (although both sides stand in 
the water). 
 
Figure 4.4 installed bank consisting of moulded toe (1), support (2) and 
water resistant plate (3) 
Vertical banks are installed by carpentered constructions made of 
concrete plywood. These constructions are loaded with concrete 
tiles at the back to avoid floating and ensure a watertight sealing 
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between the installed bank and bottom of the towing tank. The 
gaps between separate blocks are also sealed (Figure 4.5). 
 
Figure 4.5 vertically installed walls being sealed 
4.1.2 Towing tank Data exchange 1 
The model tests for data exchange 1 (DE1) are carried out in two 
different facilities. Some tests have been carried out in a deep 
water towing tank, others in the shallow water basin. This tank has 
a water depth of about 5 meters, a length of 50 times a standard 
length of the ship model and a width of 10 to 15 times the ship 
model’s beam. The sloped banks were installed in the 
manoeuvring basin with a width of almost 50 times the ship’s 
beam and a length of 20 times the length of the vessel. In this 
tank model tests can be carried out at very low water depths. 
4.1.3 Ship Manoeuvring Simulator Flanders 
Hydraulics Research 
4.1.3.1 Goals of a simulator 
A better mathematical model to be implemented in the ship 
manoeuvring simulators of Flanders Hydraulics Research is one of 
the main reasons for the research on bank effects. Flanders 
Hydraulics Research owns three full mission bridge simulators, 
one of them is dedicated for inland vessels, the other for seagoing 
vessels or Voith Schneider propelled tug boats. 
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In general, ship manoeuvring simulators are used in two manners: 
The simulator can either be used for training purposes of pilots, 
captains or naval academy students or as a research tool for 
testing waterway designs in a virtual environment where human 
experience is of uttermost importance. The latter is the main but 
not the sole purpose of the FHR simulators, which are also used 
for training (river pilots, students, tug boat captains, etc.). 
4.1.3.2 Elements of a simulator 
The ship manoeuvring simulator consists of a mock-up of a ship’s 
bridge with all necessary manoeuvring equipment. These can be 
hardware (tiller, telegraph, communications) or displayed on a LCD 
monitor (Electronic Chard Display Information System ECDIS, wind 
information, engine information, radar, alarms, CCTV,…). The 
outer image is projected on a standing tube (with the bridge in it) 
with the beamers projecting from the outside of the tube. The 
angle of projection defines the name of two simulators; SIM225 
has an aerial view of 225° and SIM360+ has an all-round view with 
horizontal projection for lock approaches, berthing manoeuvres, 
passage of bridges, etc. (hence the “+” in the name). The inland 
navigation simulator (named Lara) uses seven 52 inch LCD-
screens instead of projectors. 
In a separate operator’s room the complete boundary conditions 
can be set and changed in time. Among others these are; the area 
where the ship operates, wind force and direction, current, time 
(day/night), water level, season (date), other traffic, alarms (fire, 
engine…), operation of lock doors, tug assistance and so on. 
4.1.3.3 Mathematical model 
The force balance of the ship is determined (with a frequency of 
10 Hz) based on the mathematical model of the ship and taking 
into account all external influences (banks, weather, current,…). 
The mathematical model resolves the force balance in the 
horizontal plane (longitudinal and lateral movement and yawing) 
and roll and vertical motions, the solutions are sent back to the 
bridge and visualisation devices (both on equipment and 
projection). The visuals are refreshed at 60 Hz (with linear 
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interpolation between two steps of the mathematical model) to 
obtain a smooth image. 
The following influences can be taken into account in the present 
mathematical model (Figure 4.6). Some are very unique and based 
on very extensive in house research (e.g. mud layer (Delefortrie et 
al. 2005)) others are more straightforward (e.g. current, bank 
effects). 
recording forces, orders, position and speeds for 
subsequent analysis 
in case of a collision: registration of the collision 
(location, impact forces) 
the ship’s track 
hydrodynamic forces: powers on hull, rudder, 
appendages 
shallow water effects (bottom level in function of 
location, water level in function of tides) 
propulsion (propeller, engine dynamics, bow thruster, 
stern thruster , malfunctions) 
restricted water effects (bank effects) 
aerodynamic forces (gusts of wind, wind direction and 
wind speed in function of location, shielding effect of 
large constructions or ships) 
wave drift (wave height and direction in function of the 
position) 
effects of non-uniform current (current speed and 
direction in function of position) 
contact forces (reaction and friction powers of fenders, 
pole and quays) with non-stationary hydrodynamic 
powers (current effects), in function of distance to 
quay-wall 
interaction with meeting and overtaking target ships. 
Manoeuvring in muddy navigation areas 
MODEL TESTS  4.1 Test Facilities 
69 
 
Figure 4.6 simplified mathematical model of the FHR simulators 
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4.2 Ship models 
Only the ship models used during model tests on bank effects 
(sailing in a non-symmetric lateral position in the fairway) are 
taken into account. In Appendix 11.5 the linesplan and hydrostatic 
properties of all these ship models are listed. 
4.2.1 Container carriers (2) 
For the Belgian ports of Antwerp and Zeebrugge container carriers 
are responsible for the largest part of traffic (Figure 4.7). 
Therefore two ship models of container carriers have been used. 
 
Figure 4.7 2012 traffic Port of Zeebrugge and 2013 traffic Port of Antwerp 
http://www.portofantwerp.com/nl/news/recordoverslag-haven-van-
antwerpen-bevestigd and http://www.portofzeebrugge.be/en/node/495 
 
4.2.1.1 8000 TEU container carrier C0U 
Ship model C0U represents a single screw 8000 TEU container 
carrier on a scale 1/80.8. The ship model was commissioned in 
2004 to replace the largest container carrier ship model (C0D, 
6000 TEU) at FHR. The continuous increase in container ship sizes 
results that nowadays an 8000 TEU container carrier can contain 
not even half the amount of all containers that can be carried by 
the largest container carrier (Maersk Triple E class can carry 
18000 TEU, www.worldslargestship.com). 
The ship model C0U has been tested at three different drafts; two 
even keel and one with initial trim. The main hydrostatic 
properties and the linesplan are added in Appendix 11.5.1. 
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4.2.1.2  12000 TEU container carrier C0P 
A second single screw container carrier ship model is used. C0P is 
a 12000 TEU container carrier with the maximum main dimensions 
that can call the to-be-finished Panama locks. This ship model has 
been built at a scale of 1/80 and only tested at the design draft of 
15.20m full scale. Hydrostatics and the linesplan are added in 
Appendix 11.5.2. 
4.2.2 Tankers (4) 
4.2.2.1 LNG-tanker G0M 
A dedicated terminal in the port of Zeebrugge serves as a gateway 
to supply Liquefied Natural Gas (LNG) dedicated for consumption 
in North West Europe and as a hub for the international natural 
gas market. LNG is delivered to the spot by LNG-tankers but also 
stored, traded and exported from the same location. 
A ship model of the Belgian built 135 000 m³ LNG-tanker 
Methania has been tested along a wide range of bank geometries. 
The model has been tested at only the draft at full loaded sailing 
conditions since this is the more critical situation (smallest under 
keel clearance and relative dangerous cargo). Hydrostatic 
properties and the linesplan are available in Appendix 11.5.3. 
4.2.2.2 VLCC T0Z 
The ship model T0Z has the lines of the openly available KVLCC2 
Moeri Tanker (Stern & Agdrup 2008) and is of high value for 
comparing towing tanks worldwide and for CFD-calculations in 
shallow water (Zou & Larsson 2013). Hydrostatics of this vessel 
have been published online and listed in Appendix 11.5.4. In the 
same Appendix 11.5.4 the lines plan is added. Although vessels 
with a draft of more than 20 m (as this vessel) can call none of the 
Belgian harbours, vessels with a high block coefficient and similar 
ratio between the main dimensions as T0Z do call the Flemish 
ports. 
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Tanker T0S 
A limited amount of tests are carried out with a ship model of a 
smaller tanker (LxBxT 265.6x41.6x11.0). Other properties and 
linesplan are listed in Appendix 11.5.6. 
 British Bombardier T0H 
This ship model of the tanker  British Bombardier is only chosen 
because of its very modest main dimensions on model scale 
(Appendix 11.5.5). The draft during the model tests was 
unrealistically high because of the small displacement of the 
vessel compared to the relative high minimal weight of the device 
to connect this ship model with the carriage for PMM testing 
(Figure 4.8). In Appendix 11.5.5 the linesplan of this sixties design 
(built in 1962) is added. 
 
Figure 4.8 small freeboard on T0H during captive model tests 
4.2.3 Ro-Ro vessels (3) 
A lot of cars are transported out of (and into) Belgium through the 
harbours of Ghent, Antwerp (1.3 million cars in 2013) and 
Zeebrugge (1.7 million new cars in 2012) but also other RoRo-
activities take place (flatbed trailers among other types). 
4.2.3.1 Car carrier A01 
This is a twin screw ship model of a car carrier and added to the 
program for its specific lines (Appendix 11.5.7) and twin screw 
propulsion system. For bank effects this means there is an active 
propeller relatively close to the bank compared to a single screw 
propulsion system. 
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4.2.3.2 RoRo ferry A0S 
The model of this RoRo ferry is towed in the towing tank without a 
propeller attached to the model. This model is used only for a 
limited amount of tests. Properties can be found in 
Appendix 11.5.8. 
4.2.3.3 Catamaran R0S 
A very different geometry of the hull is added to the tests with this 
catamaran type of RoPax (Appendix 11.5.9). The twin hulls wave 
pattern will interfere and sailing along one bank the hull closer to 
the bank will endure much larger bank effects than the hull at the 
other side. Of course both hulls are rigidly connected and 
therefore the forces on the entire ship model and not on the 
separate hulls are measured. 
4.2.4 Inland vessel B01 
Model tests are carried out in the FHR shallow water towing tank 
with an inland vessel to provide the full bridge inland simulator 
Lara with dedicated mathematical models (in this specific case for 
bank effects). This model is based on the CEMT (Conférence 
Européenne des Ministres de Transport) class Va. Tests are carried 
out only at the design draft of the vessel. Hydrostatic properties 
and linesplan are added in Appendix 11.5.10. 
4.2.5 Wigley hull W01 
The final model used in present research on bank effects is a 
different type of model. It is not a scaled ship but a 
mathematically  defined geometry with equation: 
 ȁ࢟ȁ ൌ ቐ࡮ ࢠࢀ ቀ૛ െ ࢠࢀቁ ૝࢞ࡸ ቀ૚ െ ࢞ࡸቁ ࢠ ൏ ࢀ࡮ ૝࢞ࡸ ቀ૚ െ ࢞ࡸቁ ࢠ ൒ ࢀ (4.1) 
Hydrostatic properties and the linesplan can be calculated 
analytically or with dedicated software (Appendix 11.5.11). 
A Wigley hull is a popular and easy to mesh hull form for CFD-
calculations. For comparison and calibration of these calculations 
the Wigley hull model is added to the database. 
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First letter Ship type 
C Container carrier 
G Gas carrier 
T Tanker 
A Car carrier (Autoboot) 
R Catamaran (C occupied by Container carrier) 
B Inland vessel (Binnenschip) 
W Wigley hull 
Table 4.2 name explanation for type of ship model (first letter) 
 
4.3 Bank geometries 
Different geometries of banks have been installed in the towing 
tanks to investigate the influence of the bank geometry on the 
forces and moments induced on the vessel. Only tests in a steady 
state regime condition are considered. Therefore the installed 
bank did not change in geometry for a significant amount of ship 
lengths (at least six ship lengths) before the ship model 
decelerates or another bank geometry starts. If more geometries 
are installed consecutively in the tank, the transition zone of one 
bank to another is constructed in such a way to create a smooth 
change in geometry. This is to avoid abrupt and long lasting 
transition effects. 
Three types of installed banks can be distinguished in present 
(and other published) research: 
A vertical quay wall QY: A vertical wall is installed in the 
towing tank (or the walls of the tank itself are used). This 
quay runs from the bottom of the towing tank up to the 
free surface (and beyond). 
A surface piercing wall SP: A sloped bank runs at a 
constant slope from the bottom of the towing tank up to 
highest water level tested. This slope is expressed as the 
ratio between the rise and run with a normalised rise 
(Figure 4.9). 
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Figure 4.9 rise and run of a sloped bank 
 ࢙࢒࢕࢖ࢋ ൌ ࢘࢏࢙ࢋ࢛࢘࢔ (4.2) 
A semi submerged bank SS: A sloped bank starts at the 
bottom of the towing tank but ends before the free surface 
is reached. After the slope there is a horizontal 
(submerged) plane until the wall of the towing tank or an 
installed vertical quay wall is reached (Figure 4.14). 
4.3.1 Vertical quay walls QY 
4.3.1.1 Occurrence 
In the past, vertical quay walls were the most tested type of banks 
in a towing tank since the wall of the towing tank itself can be 
used. Doing so, no expensive geometries must be installed. 
On natural rivers a vertical wall does (almost) not exist but in 
harbour environments it is frequently present. Ships berth at a 
vertical wall or a quay wall. So when a ship sails along a quay, it 
sails along a vertical wall. The steeper a bank the more expensive 
it is to construct and maintain. For this reason, vertical walls occur 
almost only at quays. 
When a ship enters a lock, it is an extreme but common situation 
of a ship sailing along (two) vertical walls. A ship suffers from a 
wide range of other hydrodynamic influences entering or leaving a 
lock (Vantorre & Delefortrie 2013). These specific phenomena are 
however not in the scope of present research. 
4.3.1.2 Quays 
Without taking the water level into account, ten different cross 
sections with a vertical quay wall can be distinguished. Each 
vertical bank is named as follows: “QY_” (quay) + “0_” (1/slope) 
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+”Wh” (distance between toes of the banks in the cross section 
Figure 4.10) + the run of the opposite wall (for most banks a 
vertical wall or “0”). 
 
Figure 4.10 graphic interpretation of the distance Wh  
Type Run/rise Wh 
Opposite 
bank run/rise Name 
[] [m/m] [m] [m/m] [] 
QY 0 0.812 0 QY_0_0.812_0 
QY 0 0.966 0 QY_0_0.966_0 
QY 0 1.314 0 QY_0_1.314_0 
QY 0 1.933 0 QY_0_1.933_0 
QY 0 3.865 0 QY_0_3.865_0 
QY 0 4.400 4 QY_0_4.400_4 
QY 0 6.330 0 QY_0_6.330_0 
QY 0 7.00 0 QY_0_7.00_0 
QY 0 10.00 0 QY_0_10.00_0 
QY 0 33.00 0 QY_0_33.00_0 
Table 4.3 name of the quay walls tested 
The banks QY_0_0.812_0; QY_0_0.966_0; QY_0_1.314_0; 
QY_0_1.933_0; QY_0_3.865_0 have been used with only one ship 
model (T0Z) to investigate the influence of the blockage on the 
bank effects. The width Wh of these cross sections are equal to 
1.05; 1.25; 1.70; 2.50 and 5.00 times the beam B of T0Z, 
respectively. 
Bank QY_0_4.400_4 is the only vertical wall with a sloped bank at 
the other side (run equals 4 with rise 1). Because the lateral 
position of the carriage of the towing tank of FHR is limited, bank 
QY_0_6.330_0 was installed to be able to tow the ship model at a 
very close distance to the vertical wall. 
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QY_0_7.00_0 is the empty towing tank of FHR without any 
supplementary installed banks. 
QY_0_10.00_0 is the empty deep water towing tank of DE1 while 
QY_0_33.00_0 is the shallow water towing tank from the same 
data exchange. 
4.3.2 Surface piercing banks SP 
Surface piercing banks with gentle slopes occur on natural rivers 
while steeper slopes are mostly present on manmade canal 
sections. 
The most gently sloped surface piercing bank SP_8_4.030_0 has 
about the same slope (7°) as the (notorious) bend Bocht van Bath 
on the River Scheldt (no. 2 in Figure 1.2) in the Netherlands. This 
bend is seen as one of the more difficult obstacles (Eloot et al. 
2007) for seagoing vessels calling or leaving the harbour of 
Antwerp (Belgium). These gentle slopes can also be interpreted as 
a “rising bottom” instead of a “sloped bank”. 
The slope of a sandy (dredged) bottom can be as steep as 1/5 
(SP_5_4.030_0) and 1/4 (SP_4_4.400_0). 
Slopes of 1/3 (SP_3_4.200_1) are more common on manmade 
canals such as Kanaal Gent-Terneuzen and canal docks in the 
inner harbour of Antwerp. Slopes of 1/1 are not significantly 
present in Belgium but appear worldwide, for example on the 
Panama Canal. Furthermore this is an interesting slope to have a 
wide range of slopes between the gentle slopes and a vertical quay 
wall (Figure 4.11). 
 
Figure 4.11 all surface piercing tested slopes sharing the same toe 
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The first and third slopes in Table 4.4 (SP_1_4.200_3; 
SP_3_4.200_1) are the opposite sides in the same cross section. 
Bank SP_4_4.400_0 is the sloped opposite side of QY_0_4.400_4. 
Type Run Wh 
Opposite 
bank run Name 
SP 1 4.200 3 SP_1_4.200_3 
SP ξ͵ 33.00 0 SP_ξ͵_33.00_0 
SP 3 4.200 1 SP_3_4.200_1 
SP 3 5.730 0 SP_3_5.730_0 
SP 4 4.400 0 SP_4_4.400_0 
SP 5 4.030 0 SP_5_4.030_0 
SP 8 4.030 0 SP_8_4.030_0 
Table 4.4 names of the surface piercing banks 
4.3.3 Semi-submerged banks SS 
Sometimes channels are dredged in open water. Among many 
others this is the case for the approach channel (Scheur West, Pas 
van het Zand) towards the harbour of Zeebrugge in the North Sea 
(Figure 4.12). The water depth of the North Sea in that region is 
rather shallow (about 10 m under Lowest Astronomical Tide or 
even less) and a deepened channel is dredged. Doing so a cross 
section with a deeper part containing the fairway, a sloped bank 
(here a sandy bottom having a gentle slope) and flat section (the 
natural sea bottom). Such cross sections are installed in the 
towing tank and named semi-submerged banks. 
 
Figure 4.12 Zeebrugge and access channels Pas van het Zand and Scheur 
MODEL TESTS  4.3 Bank geometries 
79 
In the outer harbour of Zeebrugge between the LNG-terminal and 
open sea there is the Tern Peninsula (Figure 4.13). 
 
Figure 4.13 a semi-submerged bank section (parallel lines) in the Harbour 
of Zeebrugge, remark that a lot of navigation aids are removed for 
reasons of simplicity.
LNG-tankers calling or leaving this LNG-terminal will have to sail 
along this bank. The influence of the increased peninsula on these 
tankers was investigated and evaluated in (Lataire et al. 2008). The 
importance of the geometry of the submerged flat section was 
pointed out by (Norrbin 1974). Therefore the dimension (width 
and height) of the submerged flat section was also changed during 
the model tests (Table 4.5). 
 
Figure 4.14 semi submerged bank properties Wmax, Wh and zh 
If the water depth h is larger than zh, then the geometry in Figure 
4.14 is a semi submerged bank. The slope of the submerged bank 
is still expressed as the run referred to a normalised rise (=1m). 
The name of the bank under consideration is the combination of 
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the bank type, run of the submerged part, distance between toes 
of the banks Wh, total width of the section Wmax. The run of the 
other bank is always a vertical wall (run equals 0) for all semi 
submerged banks. Therefore the ‘opposite bank run’ is not added 
in the semi submerged bank name. 
type 
run 




[] [m/m] [m] [m] [m] [m/m] [] 
SS 0 33.00 0.245 33.45 0 SS_0_33.00_.245_33.45 
SS 0 33.00 0.305 33.45 0 SS_0_33.00_.305_33.45 
SS 0 33.00 0.305 39.00 0 SS_0_33.00_.305_39.00 
SS 5 4.030 0.120 7.00 0 SS_5_4.030_.120_7.00 
SS 5 4.030 0.150 5.335 0 SS_5_4.030_.150_5.335 
SS 5 4.030 0.150 5.890 0 SS_5_4.030_.150_5.890 
SS 5 4.030 0.150 7.00 0 SS_5_4.030_.150_7.00 
SS 8 4.030 0.150 7.00 0 SS_8_4.030_.150_7.00 
Table 4.5 geometric dimensions of the semi submerged banks 
 
4.4 Test conditions 
Four parameters varied during the model tests are summarized 
here: the water depth, the lateral position in the cross sections, 
the forward speed and propeller action. 
4.4.1 Water depth 
According to (PIANC Working group 20; 1992) the following 
classification can be made to indicate the shallowness of a fairway 
related to the vessels’ draft: ͵ǤͲ ൏ ௛்   deep ͳǤͷ ൏ ௛் ൏ ͵ǤͲ  medium deep ͳǤʹ ൏ ௛் ൏ ͳǤͷ  shallow ͳ ൏ ௛் ൏ ͳǤʹ  very shallow 
In Figure 4.15 all water depth h to draft ratios are listed with the 
amount of model tests carried out for each ratio. The water depth 
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h is in this the deepest water depth in the cross section and does 
not change with the (lateral) position of the ship model in the 
cross section. 
 
Figure 4.15 the number of model tests for each h/T ratio 
Most of the ship models are tested in 2 to 4 different water 
depths. In this way, the range of water depths encountered by a 
seagoing deep drafted vessel approaching or leaving the Flemish 
harbours is covered. The LNG tanker, for example, is tested at 
1.35 and 1.70 times the vessels draft which corresponds to the 
present practice at the harbour of Zeebrugge. 
The tanker T0S is tested in 5 different water depths but the Ro-Ro 
ship A01 is tested in as much as 14 different water depths varying 
from 1.10 (very shallow) up to 2.20 (medium deep water) times 
the draft of the ship model. 
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4.4.2 Lateral position 
The lateral position of a ship model in a towing tank with installed 
banks can be defined in different ways. The most straightforward 
but less physical is referring to the earth bound coordinate system 
of the towing tank itself. Doing so the installed banks have no 
influence on the lateral position. 
For most model test series the following lateral positions have 
been tested whenever possible in the cross sections: 
4.4.2.1 The Hydro-geometric centre 
 
Figure 4.16 hydro-geometric centre and centre of gravity of the cross 
section 
The hydro geometric centre is the lateral position in the cross 
section where the bank effect (yaw moment and sway force) of the 
port side bank is expected to compensate the sway force and yaw 
moment induced by the starboard sided bank. 
This lateral position is approximated by the lateral position of the 
centre of gravity of the cross section. This position is calculated 
before the model tests are carried out. 
4.4.2.2 The centre of the Towing Tank 
This lateral position refers to towing along the centre line of the 
(empty) towing tank (y0=0). 
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4.4.2.3 Ship’s side above the toe of the 
bank 
The side of the ship model closest to the bank is aligned with the 
start of the slope of the bank (the toe of the bank, Figure 4.17). 
This is the closest position to the bank with a constant water 
depth under the ship model. 
 
Figure 4.17 ship’s side at toe of the sloped bank 
 
4.4.2.4 Midship above toe of the slope 
The ship model can be towed with its midship above the toe of the 
sloped bank as long as there is enough water under the keel and 
the slope of the bank is not too steep (Figure 4.18). 
 
Figure 4.18 midship of the ship model above the toe of the sloped bank 
In this position the water depth is not constant over the entire 
width of the ship model. As a consequence, the water depth for 
the ship model is not unambiguously defined. 
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4.4.2.5 Maximal lateral position 
As close as physically possible without jeopardizing the ship 
model’s safety. In practice there is at rest a minimal vertical gap of 
about 25mm between the ship model and the bank. This gap must 
be large enough to avoid the model to run aground because of the 
vertical sinkage and trim (squat) when towed. For reasons of safety 
the ship model’s vertical motion is free but limited (in this position 
with 20mm). 
 
Figure 4.19 as close as possible, a minimal gap at all sides is realised 
Again the water depth as experienced by the ship model is not 
defined straight forward. 
 
4.4.2.6 Other lateral positions 
The model tests are not limited to the lateral positions mentioned 
above. In a very wide cross section sometimes more lateral 
positions are added or less in a narrow section. 
For example, systematic model tests have been carried out with 
ship model T0H in cross section QY_0_7.00_0. This small ship 
model is towed in this rectangular cross section at 9 different 
lateral positions to investigate the lateral influence zone of a bank 
(6.3.6). 
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4.4.3 Forward speed 
Figure 4.20 shows the number of model tests carried out at each 
speed (rounded off to 0.1m/s). This is the forward speed of the 
ship model during the model test while it is towed by the PMM. 
 
Figure 4.20 number of model tests carried out for each speed in m/s 
Figure 4.21 shows the same number of speeds but now plotted to 
the representing full scale speed (in knots) based upon Froude’s 
law. 
 
Figure 4.21 number of model tests for each speed scaled to full scale 
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In very shallow water most ship models are tested at 6, 8 and 10 
knots full scale. In shallow water tests at 12 knots are added and 6 
knots excluded. In medium and deep water, tests at 14 and 16 
knots are also added to the program. 
The tests carried out at speeds exceeding 20 knots and more are 
carried out with the high speed catamaran R0S. 
Overall more velocities are tested depending on the specific cross 
section of the fairway. The number of velocities can be plotted to 
the dimensionless Froude Number based on the water depth Frh 
(Figure 4.22). The deepest water depth over the entire cross 
section is used for the calculation, the lateral position of the ship 
model (above) the bank will thus not change the corresponding 
Frh. 
 ࡲ࢘ࢎ ൌ ࢂඥࢍࢎ (4.3) 
 
Figure 4.22 number of model tests for each water depth base Froude 
number Frh 
In the very narrow cross sections (Wh<2B, Table 4.3) the model 
tests are carried out at very low speeds. The same is true for the 
tests with the Wigley hull W01 because of the scale factor of 1 for 
this specific ‘ship’ model. To be able to compare the speeds of all 
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ship models the velocity is made dimensionless by plotting the 
Froude number in Figure 4.23. 
 ࡲ࢘ ൌ ࢂඥࢍࡸ࢖࢖ (4.4) 
 
Figure 4.23 number of model tests for each Froude number 
4.4.4 Propeller action 
The ship models C0U, C0P, G0M, T0Z and B01 are equipped with 
one propeller and the ship model A01 with two propellers. The 
propeller rates are controlled with a dedicated system and a 
predefined rate of turn is imposed. 
 
Figure 4.24 number of model tests for each propeller rate 
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Most ship models are towed at 0 rpm propeller rate (Figure 4.24). 
In this situation the propeller shaft is fixed at one position (no free 
wind milling of the propeller). The influence of the propeller is 
limited to an added drag (disturbing the stream lines at the stern 
section). A negative thrust is measured on the propeller shaft 
when towed (propeller acts like a parachute). 
Other (positive) propeller rates are added to the program. These 
propeller rates can be fixed percentages of the propeller rate 
corresponding to telegraph position Full Ahead. For the ship 
models G0M and C0U the propeller rate is tested systematically 
from 0%, 40%, 60% up to 80% of the full ahead propeller rate 
(Figure 4.25). 
 
Figure 4.25 propeller rate relative to the propeller rate of full ahead 
plotted to the forward speed according to full scale in knots 
For the ship models T0Z, C0P, A01 and B01 the propeller rate 
corresponding with self-propulsion in open water is added (Figure 
4.26). In the confined cross sections with installed banks this is no 
longer at self-propulsion (no zero longitudinal force is measured) 
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because of the increased resistance induced by the bank effects 
(Chapter 8). 
 
Figure 4.26 relative propeller rates plotted to the forward towing speed 
for the three seagoing vessels in knots (left) and the inland vessel in km/h 
(right). 
4.5 Coordinate systems 
4.5.1 Earth bound coordinate system, free 
surface 
The earth fixed coordinate system is dedicated to each towing 
tank. For the FHR towing tank this is a rectangular, right handed 
earth bound coordinate system O0x0y0z0 (Figure 4.27). The O0x0y0 
plane is horizontal and coincides with the initial water plane at 
rest (free surface). The vertical O0x0z0 plane is the longitudinal 
symmetry plane of the (empty) towing tank (at 3.5m from both 
longitudinal walls), with the vertical O0z0-axis directed 
downwards. The longitudinal position of the origin is located at 
the conventional home position of the towing carriage which is 
4.0 m from the rear wall of the tank (harbour side). 
 
Figure 4.27 the earth bound coordinate system 
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4.5.2 Earth bound coordinate system, 
towing tank bottom 
This is the same coordinate system as the previous but the origin 
is positioned on the bottom of the towing tank and not on the free 
surface. This coordinate system is of use to describe the installed 
banks, cross sections and other installations in the towing tank. 
4.5.3 Ship bound coordinate system 
During oblique towing the ship model is rigidly fixed to the 
carriage of the towing tank (but free to heave and trim). The ship 
fixed right handed, rectangular coordinate system Oxyz is 
positioned to the vertical axis of the yawing table of the planar 
motion mechanism. When the latter is at rest at its home position, 
Oxyz coincides with the earth bound system. 
 
Figure 4.28 ship bound coordinate system 
The ship model is mounted in such a way that the origin O is 
located at the midship section (½Lpp fore of the aft perpendicular), 
at the intersection of the longitudinal vertical symmetry plane and 
the waterline at rest. The longitudinal axis Ox is positive from 
stern to stem, the transversal axis Oy is positive towards 
starboard, and the vertical Oz axis is directed downwards. The 
yawing table imposes a heading angle y between the O0x0 axis 
and the Ox axis; a clockwise rotation is considered to be positive. 
The horizontal velocity vector V
r
of the origin O is composed of the 
velocity components imposed by the longitudinal carriage (u0) and 
the lateral carriage (v0). V
r
can be decomposed in components u 
and v according to the axes Ox and Oy, respectively. 
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4.6 Registrations 
During captive manoeuvring tests, the ship model follows a 
predetermined trajectory applied by the towing carriage. The ship 
model is free to heave and pitch but is rigidly connected to the 
planar motion mechanism according to the other degrees of 
freedom. 
During this trajectory the forces acting on the ship model (hull, 
rudder, propeller) are measured as well as positions of the hull 
(sinkage), propeller (rate of turn) and rudder (angle) (Figure 4.29). 
Other signals can be sampled as well, e.g. wave gauges mounted 
at a fixed location in the tank or attached to the towing carriage 
(fixed position relative to the ship model). 
 
Figure 4.29 (1) longitudinal dynamometer (2x); (2) lateral dynamometer 
(2x); (3) roll moment measurement; (4) pitch and roll mechanism; 
(5) sinkage measurement (4x); (6) propeller motor; (7) propeller control; 
(8) propeller rate of turn meter; (9) thrust and torque gauge; (10) rudder 
mechanism; (11) rudder control; (12) limit vertical motion; (13) vertical 
guidance; (14) leakage pump; (15) battery; (16) amplifier; (17) leakage 
alarm 
4.6.1 Hull 
For the model tests carried out in the FHR towing tank the 
longitudinal and lateral components of the horizontal forces acting 
between the ship model and the planar motion mechanism in two 
measuring posts located aft and fore in the ship model are 
registered and converted to a longitudinal force X, a lateral force Y 
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and a yawing moment N, all expressed in the Oxyz coordinate 
system. The roll moment K, preventing rotation around the Ox-
axis, is measured separately for some ship models. The vertical 
motion of the ship model is measured at four positions (fore/aft, 
port/starboard) and converted into a running sinkage at the fore 
zVF and aft perpendicular zVA. This sinkage is considered to be 
positive in case of a downwards motion. 
4.6.2 Propeller 
If there is a propeller attached, the propeller rate is measured and 
controlled. On the propeller shaft the thrust TP and torque QP are 
measured. The thrust TP is a positive force when directed from 
stern to stem (as the propeller pushes the ship forward). When the 
vessel has a forward motion (sailing or towed) and the propeller 
rate is fixed at 0 rpm then the thrust TP is negative. 
The propeller rate n is positive turning clockwise for a right-
handed propeller and counter clockwise for a left handed propeller 
(when looking forward). When the propeller generates a positive 
thrust having a positive propeller rate the torque QP on the 
propeller shaft is considered to be positive. 
4.6.3 Rudder 
The rudder angle can be controlled and measured (Figure 4.30). In 
present research the rudder angle is fixed at 0°. The forces and 
moment QR on the rudder stock are measured relative to the 
position of the rudder. The tangential force FTR is positive directed 
from the trailing edge towards the leading edge of the rudder, the 
normal force FNR is positive towards the starboard side. The rudder 
angle d is positive and will result into a turning manoeuvre to port. 
 
Figure 4.30 orientation of normal and tangential forces on rudder, rudder 
angle and torque 
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4.6.4 Free surface 
For most of the tests the wave pattern between the ship model 
and the installed bank were registered by different wave gauges. 
The gauges are installed at different lateral but at the same 
longitudinal position in the towing tank. A descending water level 
generates an increasing value of the wave gauge signals 
(Figure 3.12). 
4.6.5 Footage 
Efforts are made to capture footage (video and pictures) during the 
entire project for example during the installation of banks (Figure 
4.2) but also during the model tests itself (Figure 4.31). This is 
useful for backup and archive and for presentations. 
 
Figure 4.31 a video still of the footage of model G0M sailing along 
SP_5_4.030_0 
A selection of video footage can be seen at the website 
www.bankeffects.ugent.be. 
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4.6.6 Recapitulation 
All forces, moments, positions derived during the tests carried out 
in the towing tank are listed here: 
Hull: 
Running sinkage fore  zVF  [mm] 
Running sinkage aft   zVA  [mm] 
Longitudinal force   X  [N] 
Sway force   Y  [N] 
Yaw moment   N  [Nm] 
Roll moment   K  [Nm] 
 
Propeller: 
Propeller thrust   TP  [N] 
Propeller torque   QP  [Nmm] 
Propeller rate   n  [rpm] 
 
Rudder: 
Rudder normal force  FNR  [N] 
Rudder tangential force  FTR  [N] 
Rudder torque   QR  [Nmm] 
Rudder angle   δ  [deg] 
 
In appendix 11.6 the published open data is added. 
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4.7 Conclusion 
An enormous amount of model tests were carried out. The input 
for these model tests are explained in this chapter. The test 
facilities (FHR towing tank, FHR simulators, data exchange towing 
tanks) are described. All the ship models used, are described 
(hydrostatics, lines plans) and reference is made to the relevant 
full scale counterpart. 
All the details of the installed bank geometries are described and 
linked to real life locations. Three types of installed bank 
geometries can be distinguished: vertical quay walls, constant 
sloped banks and banks with the combination of a sloped part and 
a submerged flat part. 
The water depths, lateral positions in the cross sections, forward 
speeds and propeller actions are listed and the chosen values 
clarified. 
The relevant coordinate systems under consideration are 
explained and all the registered forces, moments and positions are 
made clear. 
Finally the open data on bank effects is added. 
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Bank Effects 
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5 SCOPE OF THE 
MATHEMATICAL MODEL 
The force balance of the ship in a simulator is determined based 
on the mathematical model of the ship (Section 4.2.3.3). This 
mathematical model itself is composed out of a wide set of sub-
models that each cope with a specific phenomenon (such as bank 
effects) (Figure 4.7). 
Three different types of mathematical models can be distinguished 
(Ankudinov et al. 1993): 
Pure mathematical modelling 
Physical based models 
Tabular models 
5.1 Type and goal of the models 
The goal is a reliable and robust mathematical model (based upon 
model tests) of the influence of all type of bank geometries on the 
behaviour of the vessel during a (manoeuvring) simulation. 
Simplicity is for practical implementations of importance and a 
physical background results in a wide range of the mathematical 
model. 
5.1.1 Pure mathematical model 
A force or moment is purely mathematically modelled by creating 
a polynomial expression as a function of the input parameters 
Experiment Based Mathematical Modelling of Ship-Bank Interaction 
98 
(speed u, v; position y; propeller rate n;…) and the data set 
available. 
 ࡲ࢕࢘ࢉࢋȀࡹ࢕࢓ࢋ࢔࢚ ൌ σ ࢛࢏࢟࢐࢔࢑ǥ࢏ǡ࢐ǡ࢑ǡǥ  (5.1) 
The main advantage of this type of mathematical model is the 
combination of high correlation between the experiments and the 
mathematical model, and a quick result. 
The disadvantage of such a type of mathematical model is the 
absence of a physical interpretation of the formulation and the 
sometimes unexpected results of the mathematical model when 
interpolated or extrapolated out of the original data set. 
Furthermore the number of coefficients relative to the number of 
data points is rather high. 
5.1.2 Physically based mathematical model 
A physical background is used to build up the mathematical 
model. The measurements are interpreted and checked to 
different physical laws (Bernoulli’s law, Newton’s laws, 
conservation of mass). 
A physically based mathematical model is more stable when 
interpolated or extrapolated out of the original range of the model 
tests. The mathematical model will also have a more limited 
amount of coefficients compared to pure mathematical modelling. 
The inaccuracy or deviation between the modelled values and 
measured values can be larger compared to the pure mathematical 
based models. However, relative to the number of coefficients the 
physically based mathematical model will be the more accurate 
out of the two. 
5.1.3 Tabular mathematical models 
A tabular mathematical model is a combination of a pure 
mathematical and physically based mathematical model. The 
formulation is based on physics but the set of coefficients changes 
for different ranges. This means that there exist different sets of 
coefficients for the same formula. Each set is valid within a 
predefined range which is based on the input parameters. 
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There is need for a large amount of coefficients and the physical 
meaning of the coefficients itself can be lost. 
5.1.4 Chosen type of model 
For reasons of simplicity the mathematical model for the bank 
effects will be a physically based model. The importance of a 
physical background on the formulation together with a small 
amount of coefficients is seen as a major advantage over the other 
type of mathematical models. 
5.2 Modelled parameters 
5.2.1 Degrees of freedom 
All motions of a ship can be decomposed into six degrees of 
freedom; three translations and three rotations. The three 
translations in the ship bound coordinate axis (Section 4.6.3) are 
(Figure 5.1): 
Surge: translation along the x-axis 
Sway: translation along the y-axis 
Heave: translation along the z-axis 
And the three rotations are: 
Roll: rotation around the x-axis 
Pitch: rotation around the y-axis 
Yaw: rotation around the z-axis 
 
Figure 5.1 the six motions of a ship: three rotations and three translations 
in the ship bound coordinate system 
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The ship manoeuvring simulator solves the entire force package to 
calculate the required position of the next calculation step (0.1 
seconds later). This position is calculated in the horizontal plane 
only in the FHR simulators. The integration of roll and vertical 
motions are planned in the near future. The major influences of 
bank effects on the vessel take also (but not only) place in this 
plane. The present mathematical model is therefore limited to the 
forces in the horizontal plane: 
Yaw moment NBANK 
Longitudinal force XBANK 
Lateral force YBANK 
Vertical forces induced by bank effects which result in a new 
sinkage-trim combination of the vessel are not modelled. The 
same is true for the roll moment on the vessel. 
When sailing (very) close to a bank the behaviour of appendages 
propeller and rudder will be influenced by the presence of the 
bank. These effects are also not taken into account in the present 
model. 
5.2.2 Lateral force at the fore and aft 
perpendicular 
The influence of the proximity of a bank on the forces parallel to 
the free surface can be interpreted in different ways. The most 
common interpretation is splitting into a lateral force YBANK (acting 
in the predefined origin of the ship bound coordinate system), a 
yaw moment NBANK (around the vertical axis z of the same 
coordinate system) and a longitudinal force XBANK. 
The lateral force and yaw moment are interpreted differently in 
present dissertation: 
a lateral force acting at the forward perpendicular YF (This 
name is preferred over YF BANK for reasons of simplicity) 
a lateral force acting on the aft perpendicular YA (Figure 
5.2). (Again, YA is preferred over YA BANK for its terseness) 
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The benefits of this itemization will be more comprehensible after 
the dedicated mathematical models for YA and YF are explained in 
Chapters 6 and 7 accordingly. 
 
Figure 5.2 decomposition of yaw moment and sway force for common 
bank effects (attraction force Y in combination with a bow away moment) 
It is obvious that for practical reasons such as the implementation 
of the mathematical model in an existing ship manoeuvring 
simulator, the lateral force Y and yaw moment N can be 
recomposed from the model of the lateral forces YF and YA. 
 ࢅ ൌ ࢅࡲ ൅ ࢅ࡭ (5.2) 
 ࡺ ൌ ࡸ࢖࢖૛ ࢅࡲ െ ࡸ࢖࢖૛ ࢅ࡭ (5.3) 
 ࢅ࡭ ൌ ࢅ૛ െ ࡺࡸ࢖࢖ (5.4) 
 ࢅࡲ ൌ ࢅ૛ ൅ ࡺࡸ࢖࢖ (5.5) 
First the lateral force at the aft perpendicular will be analysed and 
a mathematical formulation proposed. 
The influence of an active propeller on the YA is more 
pronounced than working with the combination of overall 
lateral force and yaw moment. 
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Sometimes the magnitude of the lateral force does not 
increase when sailing closer to the bank, under specific 
circumstances the sign even changes (attraction force 
becomes a repulsion force directed away from the closest 
bank). This phenomenon can better be explained (and 
modelled) based upon a lateral force at the aft and forward 
perpendicular. 
5.2.3 Longitudinal force 
A mathematical expression is proposed for the (sole) influence of 
the bank effects on the longitudinal force. This force is simply 
added to the other longitudinal forces. Cross terms between the 
bank effects and other devices such as hull, rudder and propeller 
generating longitudinal forces are not included. 
5.3 Biased limits of the model 
5.3.1 Quasi static 
The mathematical model is based upon the measurements during 
the regime condition of model tests. The mathematical model will 
be valid for regime conditions. No transition or memory effects are 
taken into account. 
Gentle changing slope geometries (relative to the length of the 
vessel under consideration) will not introduce overwhelming 
transition effects and will be coped with by the model . If a bank is 
relative short compared to the length of the ship then transition 
and memory effects will result in unreliable force predictions of 
the present model. 
5.3.2 No drift and parallel to the bank 
For the mathematical model the vessel is expected to sail without 
drift angle and parallel to the bank. During the captive model tests 
both conditions are easy to obtain but this is seldom the case 
during real time simulations or real life sailing conditions. 
Most of the time the vessel manoeuvres on a fairway with small 
(<5°) drift angles and does not sail exactly parallel to the bank but 
also with minor angles between the bank and x-axis of the vessel. 
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To be able to cope with small drift angles and small angles 
between the bank and vessel the following parameters are used in 
the model to overcome this issue. 
 
Figure 5.3 different combinations of drift of the vessel and parallelism to 
the bank 
In Figure 5.3 all combinations of drift and parallelism to the bank 
are shown. The position from the bank can be based on the 
perpendicular to the heading of the vessel (orange line in Figure 
5.3) or perpendicular to the velocity vector of the vessel (purple 
line in Figure 5.3). 
For the application of the proposed mathematical model the 
velocity u (part of the velocity vector directed as the ship bound x-
axis) will be used while the position of the vessel relative to the 
bank will be based on the perpendicular to the heading in the 
origin of the ship bound coordinate axis. With this convention the 
bank effects are absent when the ship is aligned parallel to the 
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bank and moves away from the bank with a pure sway without a 
forward speed (left in Figure 5.4). The bank effects are also absent 
when a ship sails away from the bank with a heading 
perpendicular to the bank (right in Figure 5.4). 
 
Figure 5.4 a ship sailing away from the bank without forward speed (on 
the left) or without lateral speed (on the right) generates no bank effects. 
5.3.3 Advance speed and rotational speed 
The mathematical model is limited for vessels sailing with a 
forward speed (positive advance speed VA) in combination with a 
non-negative rotational speed of the propeller(s) n. This 
combination is known as the first quadrant for propellers (Carlton 
2012). The model tests with a propeller rate of 0 rpm are 
according to the same author exactly on the boundary of the first 
and second quadrant. 
 ࢛ ൒ ૙࢔ ൒ ૙ (5.6) 
5.3.4 Forward speed limit 
In (Lataire & Vantorre 2008) a mathematical model for the sinkage 
at the fore (zVF) and aft (zVA) perpendicular that takes into account 
an irregular bank geometry is suggested (equations 5.7 and 5.8). 
This equation contains the draft of the ship (T); the equivalent 
Froude number Freq which takes into account the propeller action 
with Veq (Section 6.1.3); the equivalent blockage meq (Section 8.3) 
and four coefficients ࣈࢠ࢏ determined with regression. Although the 
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model resulted in satisfying results for most of the tests, for some 
the deviation was unexpectedly large. 
 ࢠࢂࡲ ൌ ࢀࡲ࢘ࢋࢗ૛ ൫࢓ࢋࢗ൫ࣈࢠࡲ૚ࡲ࢘ࢋࢗ૛ ൅ ࣈࢠࡲ૛൯ ൅ ࣈࢠࡲ૜ࡲ࢘ࢋࢗ૛ ൅ ࣈࢠࡲ૝൯ (5.7) 
 ࢠࢂ࡭ ൌ ࢀࡲ࢘ࢋࢗ૛ ൫࢓ࢋࢗ൫ࣈࢠ࡭૚ࡲ࢘ࢋࢗ૛ ൅ ࣈࢠ࡭૛൯ ൅ ࣈࢠ࡭૜ࡲ࢘ࢋࢗ૛ ൅ ࣈࢠ࡭૝൯ (5.8) 
 ࡲ࢘ࢋࢗ ൌ ࢂࢋࢗඥࢍࡸ࢖࢖ (5.9) 
For example the mathematical model was not satisfying for the 
container carrier C0U at 14 knots and 
௛் ൌ ͳǤ͵ͷ. The tendency of the 
model was even wrong (the sinkage decreased while the 
mathematical model expected it to increase). Figure 5.5 shows the 
measured and modelled sinkage at the forward perpendicular 
along bank SS_5_4.030_.120_7.00. 
Model tests with a wide range of forward speeds, propeller rates, 
distances to the bank are plotted in this Figure 5.5. As long as the 
modelled sinkage was smaller than 5.75mm the mathematical 
model was satisfying. Modelled sinkages between 5.75mm and 
7.75mm correspond with measured sinkages between 4 and 6mm 
while modelled sinkages of 7.75mm and more correspond with 
measured sinkages of 3mm and less (negative running zVA values 
mean the vessel at the forward perpendicular has a lower draft 
than in the initial zero speed condition, the bow rises). 
 
Figure 5.5 Different relations between the modelled running sinkage at 
the aft and the same sinkage as measured during EFDs* 
* For reasons of confidentiality the actual values for forces and sinkages are 
intentionally left blank. 
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Three regions can be distinguished in Figure 5.5: a region with 
satisfying results (green), unsatisfying results (red) and a transient 
region (yellow). 
When all the tests with ship model C0U (=3617 validated model 
tests) are plotted on a graph with abscissa representing the ratio 
between speed and critical speed and ordinate the sinkage, Figure 
5.6 is obtained. The critical speed is calculated as (Schijf 1949). In 
Schijf’s formula the (classic) blockage m is used. This is the ratio 
between the midship area of the vessel AM and area of the cross 
section of the waterway Ω. 
 ࢓ ൌ ࡭ࡹષ  (5.10) 
 ࡲ࢘ࢉ࢘࢏࢚ ൌ ቀ૛ܛܑܖ ቀ࡭࢘ࢉ࢙࢏࢔ሺ૚ି࢓ሻ૜ ቁቁ૜૛ (5.11) 
In this figure all tests with a satisfying mathematical model are 
plotted green. The non-satisfying tests (yellow and red 
background in Figure 5.5) are plotted in red. 
 
Figure 5.6 Running sinkage at the fore vs ratio to critical speed. Satisfying 
modelled sinkages are plotted green, unsatisfying red 
The most plausible explanation for the non-satisfying tests is the 
relatively high speed referred to the critical speed. In a wide speed 
range the mean sinkage and trim increase with increasing speed. 
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At a certain speed the trim is increased so dramatically resulting in 
the bow to reposition to its original position. At this condition a 
significant mean sinkage is observed. These trim and sinkage 
values are caused by the increased height and significantly longer 
extension of the bow wave when the ship’s speed is close to the 
critical speed. The large trim and mean sinkage combines into a 
decrease of the running sinkage fore. 
A mathematical model coping with supercritical speeds is out of 
the scope of this research. There is a relation between the 
behaviour of the vessel and the ratio forward speed – critical 
speed. The proposed mathematical model is only valid when 
sailing slower than 84% of the critical speed (vertical black line in 
Figure 5.6). 
 ࡲ࢘ࢎ ൏ ૙Ǥ ૡ૝ࡲ࢘ࢉ࢘࢏࢚ (5.12) 
This transition from sub-critical speed region to transcritical 
speed region is independently confirmed in (Hüsig et al. 2000). 
5.4 Conclusion 
Out of the different possible types of mathematical models for 
implementation into a ship manoeuvring simulator, the reason to 
choose for a physically based mathematical model is explained. 
The bank effects acting in the horizontal plane on the ship’s hull 
will be modelled. These forces are less conventionally split into a 
lateral force at the aft YA and at the forward perpendicular YF 
(instead of the more common overall lateral force YBANK and yaw 
moment NBANK) and a longitudinal force XBANK. 
Some constraints and boundary conditions are explained such as 
the need for a quasi-static situation, no drift angle of the ship and 
only sailing parallel to the bank. 
The mathematical model will cover ships sailing at a forward 
speed in combination with a non-negative propeller action. 
Furthermore the forward speed is limited to 84% of the critical 
speed. 
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6 LATERAL FORCE AT 
THE AFT PERPENDICULAR 
As mentioned in previous Chapter 5 the bank effects in the 
horizontal plane (parallel to the free surface) are split into one 
longitudinal force XBANK and two lateral forces. The latter have their 
application point on the forward and aft perpendiculars, YF and YA. 
First the mathematical model for the force at the aft perpendicular 
is explained in this dissertation. In the much simplified idea of 
bank effects the vessel acts as being attracted towards the bank 
but the point of application of this force is located at the second 
half of the vessel, closer to the aft perpendicular. This position of 
the point of application generates also a bow away moment. 
Another reason to start with the lateral force at the aft 
perpendicular is the larger influence of the propeller on this force 
at the aft perpendicular than the lateral force at the forward 
perpendicular. Since the propeller is located very close to the aft 
perpendicular the influence of the propeller is much more 
significant at this position than on the lateral force at the forward 
perpendicular. 
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6.1 Velocity 
6.1.1 Forward speed of the vessel 
The lateral attraction force towards the bank is mainly generated 
by the pressure drop between ship and bank (Chapter 3). The 
pressure along the hull will decrease according to (Bernoulli 1713) 
with the square of the speed of the water particles flowing along 
that hull. The lateral force at the aft perpendicular is the 
integration of this pressure over the second half of the ship’s hull. 
The magnitude of the lateral force at the aft perpendicular YA 
increases with the square of the combined speed of the speed of 
the vessel V augmented with the return flow δV. 
 ܇ۯ ן ሺ܄ ൅ ઼܄ሻ૛ (6.1) 
The higher the forward speed, the higher the magnitude of the 
lateral force YA. The return flow (which is not constant at all 
positions) is difficult to determine and was measured in none of 
the model tests related to this research; the lateral force at the aft 
perpendicular YA is therefore plotted to the forward velocity of the 
vessel V. As could be expected the relation between both (YA and 
V) is from an order higher than quadratic because of the return 
flow δV not taken into account, in the example of (Figure 6.1) 
about 2.2. This higher order can be ascribed to the drop of the 
water surface around the ship (and thus the squat of the vessel) 
which further decreases the available space for the water. 
 
Figure 6.1 the lateral force at the aft perpendicular YA (left) and 
dimensionless 
܇ۯ૚૛ૉ܄૛܁ (right) plotted to the forward speed V for C0P, 
propeller rate 0 rpm, h=0.380m, position in SP_3_5.730_0 y0=-2.193 
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The lateral force at the aft perpendicular is not modelled nor made 
dimensionless by dividing to 
ଵଶ ߩܸଶܵ because of the non-linearity 
between the force at the aft perpendicular and the square of the 
forward speed of the ship. A mathematical model that takes into 
account the influence of the return flow will be proposed. 
6.1.2 Propeller action 
The higher the velocity of the water between bank and vessel, the 
lower the pressure on the hull of the ship (Bernoulli’s principle). A 
propeller generating (positive) thrust, at a positive rotational 
speed, accelerates the water flow passing the propeller disk and 
therefore increases the velocity of the water between bank and 
ship and thus decreases the pressure on that area of the hull. The 
influence of the propeller action on the lateral force at the aft 
perpendicular will be modelled as a partial increase of the forward 
speed of the vessel. 
The thrust velocity VT is calculated based upon the thrust TP (as 
measured on the propeller shaft): 
 
܂۾૚૛ૉۯ૙܄܂૛ ൌ ૚ (6.2) 
This velocity VT is the velocity behind the propeller of a heavy 
loaded ship (when the generated thrust is large and/or the 
forward speed relative low) or a ship in bollard pull condition. The 
propeller induced velocity at a distance behind the propeller is: 
 ܃ ൌ ܄ۯ ቆെ૚ ൅ ට૚ ൅ ܂۾૚૛ૉۯ૙܄ۯ૛ቇ (6.3) 
 
Figure 6.2 disc area A0 (black+grey area) of a four bladed propeller 
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The disc area A0 can be written as a function of the propeller 
diameter D: 
 ۯ૙ ൌ ૈ ۲૛૝  (6.4) 
Or according to (Hartl 2011) with the radius r of the propeller: 
 ۯ૙ ൌ ૚૛ ૌܚ૛ (6.5) 
When the ship model is towed in a towing tank with a forward 
speed and with propeller rate 0 rpm (Figure 4.25) the thrust as 
measured on the propeller shaft will be negative. To be able to 
calculate negative values for VT the absolute value of TP is used 
under the root and the root is multiplied by the sign of the thrust: 
 ܄܂ ൌ ܛܑ܏ܖሺ܂۾ሻඨ ȁ܂۾ȁ૚૛ૉૈ۲૛૝  (6.6) 
 ܄܂ ൌ ܛܑ܏ܖሺ܂۾ሻටૡȁ܂۾ȁૉૈ۲૛ (6.7) 
 
6.1.3 Equivalent velocity Veq 
In the mathematical model for YA the forward speed of the ship V 
will be augmented with a fraction ߦ௏்ǡ஺  of the velocity VT to 
incorporate the influence of the propeller action on the force YA. 
 ܄܍ܙ ൌ ܄ ൅ ૆܄܂ǡۯ܄܂ (6.8) 
The coefficient ߦ௏்ǡ஺ is a positive number smaller than 1. 
 ૙ ൏ ૆܄܂ǡۯ ൏ ૚ (6.9) 
A ship sailing at a forward speed V will generate a return flow 
along the vessel. Between the (closest) bank and the vessel this 
return flow will increase even more when the propeller is activated. 
The propeller will generate a pressure drop along the aft body and 
the return flow will increase. This return flow is assumed to be the 
same return flow as the same vessel without propeller sailing at 
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the equivalent speed ௘ܸ௤ . There are no cross terms (propeller 
action in combination with the forward speed of the ship for 
example) in the formula for the equivalent velocity and the 
coefficient is constant for all (environmental) conditions. This is a 
simplification of reality for the mathematical model. 
If the thrust on the propeller shaft is negative (e.g. the propeller is 
fixed or rpm set to 0) then this non-rotating (or slowly rotating) 
propeller is an obstruction for the return flow. The velocity VT will 
in this case be negative and the return flow will be lower than can 
be expected according to the forward speed of the ship V without 
propeller influence. Again the magnitude of the lateral force YA will 
be related to the smaller speed Veq because the velocity VT is 
negative and Veq will be smaller than V. 
The magnitude of the lateral force at the aft perpendicular YA 
always increases for all combinations of position of the closest 
bank (port or starboard side) and direction of rotation of the 
propeller (left or right) when the propeller delivers a positive 
thrust (Li 2000). 
 
Figure 6.3 all combinations of position of closest bank and direction of 
rotation of the propeller (left and right handed) but always with the 
intention of a positive thrust 
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As shown in Figure 6.3 the wheel effect of the propeller 
sometimes increases the attraction force at the aft perpendicular 
(starboard bank & right handed propeller or portside bank & left 
handed propeller) and sometimes compensates the attraction 
force (starboard bank & left handed propeller or portside bank & 
right handed propeller). This asymmetric wheel effect is not taken 
into account in the present model for bank effects. In the FHR ship 
manoeuvring simulators the wheel effect is implemented 
independent of the bank effects. In this situation the banks are 
expected to have no influence on the wheel effect. 
6.2 Lateral position in a 
rectangular cross section 
The distance between a ship and a bank is unambiguously defined 
when sailing along a vertical bank at one side, while the navigation 
area is unlimited at the other side. A clear definition of the 
distance between the ship and any irregular bank geometry is not 
this straightforward. In the past the distance between ship and 
bank at half the draft (Ch’ng et al. 1993) or at other (averages of) 
discrete positions were chosen (e.g. mid height of bank slope in 
(Duffy 2002). The disadvantage of this method is the high 
sensitivity of the distance to bank on these arbitrary positions. 
Furthermore, the influence properties of the bank geometry might 
be excluded in the distance to the bank. 
To check the impact of the lateral position on YA, first only model 
tests are considered with the model towed along a vertical quay 
wall. In Table 6.1 the test conditions and some ship properties are 
summarized. 
Ship B T CM W W/B h/T
[ ] [m] [m] [ ] [m] [ ] [ ]
B01 0.458 0.146 0.998 4.60 10.04 1.20 1.35 2.95 3.00
C0P 0.613 0.190 0.990 4.60 7.50 1.10 1.35 2.00
 
C0U 0.530 0.149 0.979 6.33 11.94 1.10 1.35 2.00
 
C0U 0.530 0.180 0.983 6.33 11.94 1.10 1.35 2.00
 
G0M 0.594 0.157 0.984 6.33 10.66 1.35 1.70
  
A01 0.620 0.148 0.947 4.60 7.42 1.10 1.35 2.00
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T0H 0.295 0.178 0.996 7.00 23.73 1.10 1.35 2.00
 
T0Z 0.773 0.277 0.998 0.97 1.25 1.10 1.35 1.50
 
T0Z 0.773 0.277 0.998 1.31 1.69 1.10 1.35 1.50
 
T0Z 0.773 0.277 0.998 1.93 2.50 1.10 1.35 1.50
 
T0Z 0.773 0.277 0.998 3.87 5.01 1.10 1.35 1.50
 
T0Z 0.773 0.277 0.998 4.60 5.95 1.10 1.35 1.50
 
T0Z 0.773 0.277 0.998 7.00 9.06 1.10 1.35 1.50
 
T0S 0.930 0.292 0.996 33.0 35.48 1.06 1.12 1.20 1.40
T0S 0.930 0.292 0.996 10.0 10.75 17.13
   
W01 0.400 0.250 0.662 4.60 11.50 1.10 1.35 1.50
 
Table 6.1 main dimensions of the ship models and cross sections for 
model tests carried out along a vertical wall 
The tanker T0Z is tested in a wide range of rectangular cross 
sections with a width as small as 105% of the ship’s breadth up to 
the total width of the towing tank at Flanders Hydraulics Research 
(7.00m or more than 9 times the ship’s beam). Based upon these 
model tests (about 1200 model tests, non-eccentric tests 
excluded) some first considerations can be made. These 
considerations are then extended to other vessels and bank 
geometries. 
6.2.1 Function for the lateral position 
in a rectangular cross section 
Overall the closer the distance between ship and bank the higher 
the magnitude of the lateral force YA. Sometimes the lateral 
position of the vessel in the fairway is expressed as the distance 
from the vertical wall ywall (Figure 6.4), in other publications the 
distance from the centre line of the cross section y (Figure 6.4) is 
applied. In a rectangular cross section (composed of a flat bottom 
and two vertical walls separated with a distance W) the relation 
between ywall and y can easily be written: 
 ȁܡܟ܉ܔܔȁ ൌ ܅૛ െ ቀ۰૛ ൅ ȁܡȁቁ (6.10) 
Initially the inverse of these distances is used: 
 
૚ȁܡܟ܉ܔܔȁ ൌ ૚܅૛ିቀ۰૛ାȁܡȁቁ (6.11) 
Experiment Based Mathematical Modelling of Ship-Bank Interaction 
116 
 
Figure 6.4 lateral positions y and ywall in a rectangular fairway with width 
W 
The magnitude for the lateral position y is zero when sailing at the 
centre line of the cross section (Figure 6.5). If the distance ywall is 
larger than the influence distance from the nearest bank the value 
y will also be set to zero (as will be explained in section 6.2.5). 
 
Figure 6.5 sailing on the centre line of a rectangular cross section (y=0) 
If the ship is sliding with her side along the vertical wall (Figure 
6.6): 
 ȁܡȁ ൌ ܅૛ െ ۰૛ ൌ ܅ି۰૛  (6.12) 
 ܡܟ܉ܔܔ ൌ ૙ (6.13) 
 
Figure 6.6 a ship laterally located as berthed along the vertical wall 
(ywall=0) 
The dimension of equation 6.11 is m-1 and can be made 
dimensionless by multiplying with 
ௐି஻ଶ  [m] which is the distance 
for ywall when sailing at the centre line of the fairway: 
 
܅ష۰૛ȁܡܟ܉ܔܔȁ ൌ ܅ష۰૛܅૛ିቀ۰૛ାȁܡȁቁ ൌ ૚૚ି ૛ȁܡȁ܅ష۰ (6.14) 
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Equation 6.14 equals 1 when sailing on the centre line but shoots 
to infinity when the distance between the ship’s side and vertical 
wall tends to zero. 
 ܔܑܕܡܟ܉ܔܔ՜૙ ቆ ૚૚ି ૛ȁܡȁ܅ష۰ቇ ൌ λ (6.15) 
First the coefficient ξy is added to be able to control the slope of 
the function, the term െ ଵ൫ଵାక೤൯ is also added to have a value equal 
to zero when sailing on the centre line: 
 
૚൫૚ା૆ܡ൯ିቚ ૛ܡ܅ష۰ቚെ ૚൫૚ା૆ܡ൯ ൌ ૙ (6.16) 
Since it is feasible to limit the value of the relative lateral position 
of the vessel in the fairway to 1 (or -1 depending whether the 
closest wall is at the starboard (+1) or portside (-1)) the entire 
function is divided by the value which is obtained when there is no 
distance between the vessel’s side and vertical wall (combining 
equation 6.14 and 6.16): 
 
૚൫૚ା૆ܡ൯ି૚െ ૚൫૚ା૆ܡ൯ ൌ ૚૆ܡ൫૚ା૆ܡ൯ (6.17) 
The formulation for the effect of the lateral position of the vessel 
on the fairway ݂ሺݕሻ becomes: 
 ࢌሺ࢟ሻ ൌ ૚ቀ૚൅૆ܡቁെฬ ૛ܡ܅െ۰ฬെ ૚ቀ૚൅૆ܡቁ૚૆ܡቀ૚൅૆ܡቁ ൌ ૆ܡቚ ૛ܡ܅െ۰ቚቀ૚൅૆ܡቁെቚ ૛ܡ܅െ۰ቚ (6.18) 
When ξy is set to zero the equation 6.18 is zero for all lateral 
positions y and is therefore not usable. By definition the 
coefficient must satisfy: 
 ૙ ൏ ࣈ࢟ ൏Ğ (6.19) 
To make a difference when sailing closer to a bank at port or at 
starboard, the sign of y ሺݏ݅݃݊ሺݕሻ ൌ ݕ ȁݕȁΤ  ് ͲǢ ሺͲሻ ൌ Ͳሻ  is 
included: 
 ࢌሺ࢟ሻ ൌ ࢙࢏ࢍ࢔ሺ࢟ሻ ࣈ࢟ቚ ૛࢟ࢃష࡮ቚ൫૚ାࣈ࢟൯ିቚ ૛࢟ࢃష࡮ቚ ൌ ࣈ࢟࢟૙Ǥ૞൫૚ାࣈ࢟൯ሺࢃି࡮ሻିȁ࢟ȁ (6.20) 
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In Figure 6.7 the relation between ߦ௬ , ଶ௬ௐି஻ and the result of the 
previous equation 6.20 is shown. 
 
Figure 6.7 the influence of  ࣈ࢟ on the lateral position parameter for all 
positions (from berthed at port side (-1) to berthed at starboard side 
(+1)) 
If the parameter ߦ௬ ൌ Ͳ  the function becomes a step function 
(equation 6.21). 
 ࢒࢏࢓ࣈ࢟՜૙ ࣈ࢟࢟૙Ǥ૞൫૚ାࣈ࢟൯ሺࢃି࡮ሻିȁ࢟ȁ ൌ ൞ ૙ǡ ฬ ࣈ࢟࢟૙Ǥ૞൫૚ାࣈ࢟൯ሺࢃି࡮ሻିȁ࢟ȁฬ ൏ ૚࢙࢏ࢍ࢔ሺ࢟ሻǡ ฬ ࣈ࢟࢟૙Ǥ૞൫૚ାࣈ࢟൯ሺࢃି࡮ሻିȁ࢟ȁฬ ൌ ૚ (6.21) 
The function for the lateral position becomes a (constant sloped) 
straight line when the parameter ߦ௬  tends to infinity (equation 
6.22) 
 ࢒࢏࢓ࣈ࢟՜ஶ ࣈ࢟࢟૙Ǥ૞൫૚ାࣈ࢟൯ሺࢃି࡮ሻିȁ࢟ȁ ൌ ૛࢟ࢃି࡮ (6.22) 
For practical reasons during the regression the coefficient ξy is 
limited to: 
 ૚૙ି૝ ൏ ࣈ࢟ ൏ ૚૙૛ (6.23) 
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Figure 6.8 T0Z, QY_0_3.865_0, h=1.5T, 10kts 
An example of equation 6.20 with the results of model tests are 
plotted in Figure 6.8. In this example the ship model T0Z is towed 
according to 10 knots full scale in a rectangular cross section with 
a water depth of 1.50 times the draft of the model and a section 
width W of 5 times the beam of the vessel. A close correlation 
between the lateral force at the aft perpendicular and equation 
6.20 (with coefficient ߦ௬ ൌ ͲǤͺͲ) is found. 
6.2.2 Boundary layer 
Overall, the closer a vessel sails to a bank, the higher the 
magnitude of the lateral force on the vessel is (if all other 
parameters such as the velocity, water depth remain the same). 
During some experiments, however, the magnitude of YA appeared 
not to increase with decreasing distance to the vertical wall. 
Among others, this was the case for the model tests with ship 
model T0Z tested in a water depth of 110% of the draft and at a 
towing speed of 0.357m/s (6 knots full scale) in a rectangular 
cross section with a width of five times the ship’s beam. In these 
conditions six model tests were carried out at six different lateral 
positions. 
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Figure 6.9 EFD for T0Z with h/T 1.10, 6kts full scale in cross section 
QY_0_3.865_0 
Out of the six tested positions, the four YA values furthest away 
from the vertical wall (dots in Figure 6.9) are consistent with the 
previous tendency formulated above: the closer to the bank, the 
higher the magnitude of the lateral force YA. When sailing very 
close to the bank however the magnitude of the lateral force YA 
decreases with decreasing distance between ship and bank (the 
squares in Figure 6.9 are for model tests with a gap between ship 
and bank of 0.020 m or 2.6% B and 0.050 m or 6.5% B).  
The lateral bank force YA comes into existence when sailing along 
a bank because of asymmetric streamlines between port and 
starboard side. The water displaced by the vessel must flow in the 
confined space between ship and bank at a higher rate than at the 
other (unrestricted or less restricted) side of the vessel. Again, the 
increased speed of the return flow will induce a lower pressure 
according to the Bernoulli principle. 
All model tests are scaled according to the Froude’s law, according 
to the ITTC Recommended Procedures and Guidelines (ITTC 2008). 
The boundary layer is not scaled properly according to this scale 
law. At model scale the boundary layer will always be (relatively) 
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thicker than the full scale boundary layer. The thickness of the 
boundary layer at the aft body of the vessel can be calculated 
according to (White 2003) and Prandtl & Von Karman’s momentum 
law. The boundary layer thickness is defined as the locus of points 
where the velocity parallel to the plate reaches 99 per cent of the 
external velocity and is calculated with the skin friction law (a 
turbulent flow along the plate is assumed): 
 ࢾ ൌ ૙Ǥ ૚૟ ࡸ࢖࢖ξࡾࢋૠ  (6.24) 
According to equation 6.24 the layer thickness is 0.091m for the 
example shown in Figure 6.9. The Reynolds number Re depends of 
the kinematic viscosity of the water ν. This viscosity changes with 
the temperature (Figure 6.10) but in this and next calculations the 
water temperature in the towing tank is assumed to be at 15°C at 
all times and the according kinematic viscosity ν is for all 
calculations 1.1386 10-6 m²/s. 
 
Figure 6.10 kinematic viscosity ν according to (ITTC 2011) 
The velocity gradient between the ship model and the vertical wall 
is simplified in Figure 6.11. The velocity on the ship’s hull is the 
same as the forward speed of the ship (earth bound coordinate 


























Experiment Based Mathematical Modelling of Ship-Bank Interaction 
122 
and vertical wall the return flow (opposite to the sailing direction 
of the ship) creates a pressure drop along the hull. When the 
distance between ship and vertical wall is sufficiently small (right 
hand side in the same figure), this return flow is diminished or 
vanishes because of the boundary layers. As a consequence the 
pressure drop between ship and wall decreases and sometimes 
even changes sign (resulting in a repulsion force away from the 
vertical wall instead of an attraction force towards the vertical 
wall). 
 
Figure 6.11 the velocity gradient (simplified to 2D) from the hull of the 
ship model to the surface of the vertical wall very close to the bank (right) 
and further away (left). 
The two smallest distances between the ship’s side and the 
vertical wall in Figure 6.9 are 0.020 m and 0.050 m (squares). The 
boundary layer is calculated (equation 6.24) to be 0.091m. As the 
boundary layer is thicker than the gap between ship and bank, it is 
expected that this boundary layer will limit the return flow. Again, 
if the return flow is sufficiently hindered, the pressure drop 
between ship and bank will be lower than expected. As a 
consequence the attraction force towards the bank will also be 
smaller. This is the physical interpretation of the previously 
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unexpected low magnitude of the lateral (attraction) force at very 
small distances between ship and bank. 
In this paragraph, it will be investigated  which ship-bank distance 
has to be maintained to avoid the influence of the boundary layer 
on the lateral force YA. This minimum distance is referred to as the 
the boundary layer influence thickness δBLI. 
In this paragraph, it will be investigated  which ship-bank distance 
has to be maintained to avoid the influence of the boundary layer 
on the lateral force YA. This minimum distance is referred to as the 
the boundary layer influence thickness δBLI. 
 
6.2.2.1Boundary layer influence 
thickness at the aft δBLI,A 
6.2.2.1.1 Water depth 
The boundary layer influence thickness δBLI,A increases with 
decreasing water depths. In shallow waters more displaced water 
must be evacuated along the ship’s sides than under the ship 
compared to sailing in deeper waters. As a consequence the return 
flow will be larger and the boundary layer will be felt sooner (or 
δBLI,A will increase). The Reynolds number Re used in equation 6.24 
is based upon the forward speed of the vessel and will not change 
with an increasing or decreasing return flow. 
 ࢾ࡮ࡸࡵǡ࡭ ן ࢀࢎ (6.25) 
 
6.2.2.1.2 Propeller action 
Propeller action generating a positive thrust (VT>0) will increase 
the influence thickness of the boundary layer. The active propeller 
must be supplied with water. The larger the propeller rate the 
larger the amount of water needed, and the higher the return flow 
must be. The influence of the propeller rate on Ɂ஻௅ூǡ஺ is added by a 
non-dimensional speed ratio (equation 6.26). This ratio will only 
change if the ratio between the thrust velocity VT and the velocity 
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of the vessel V changes and not if only the forward speed (and VT 
accordingly) changes. 
 ࢾ࡮ࡸࡵǡ࡭ ן ࣈ࡮ࡸࡵࢂࢀࢂࢀାࢂࢂ  (6.26) 
 
6.2.2.1.3 Equation 
The boundary layer thickness is proportional to the multiplication 
of previous observations (equation 6.27) 
 ઼۰ۺ۷ǡۯ ן ઼ ቀ܂ܐቁ ቀ૆۰ۺ۷܄܂܄܂ା܄܄ ቁ (6.27) 
A regression is made (with “R”) by selecting the tipping points in 
the model tests. and thus the coefficient ξBLI VT from equation 6.26 
is derived. This coefficient ξBLI VT equals ½ or only half of the thrust 
velocity VT is taken into account. With equation 6.24 the following 
formulation for δBLI,A is found in equation 6.28: 
 ઼۰ۺ۷ǡۯ ן ቀ૙Ǥ ૚૟ ࡸ࢖࢖ξࡾࢋૠ ቁ ቀࢀࢎቁ ൬ࢂࢀ૛ ൅ࢂࢂ ൰ ן ۺܘܘξ܀܍ૠ  ܂ܐ ሺ܄܂ା૛܄ሻ܄  (6.28) 
For a twin screw propelled ship the thrust measured on the 
propeller closest to the bank is taken into account to calculate VT 
and thus δBLI,A. Equation 6.28 still stands because VT is the 
(theoretical) velocity in the propeller wake. Since the propeller 
diameter (relative to the main dimensions of the vessel) when 
there are two propellers instead of one will be smaller, the 
propeller area A0 will also be smaller and only counts for half a 
ship. To explain this, the thrust measured on the port side 
propeller shaft TPp is assumed to be exactly the same as the thrust 
on the starboard shaft TPs. The average thrust velocity behind the 
vessel is: 
 ܄܂܉ܞ܏ ൌ ܄܂ܘା܄܂ܛ૛  (6.29) 
Now δBLI can be calculated with this average thrust velocity: 
 ઼۰ۺ۷ǡۯ ן ࢂࢀࢇ࢜ࢍ૛ ൅ࢂࢂ  (6.30) 
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If only the thrust on the shaft closer to the bank (e.g. at port side) 
is used, then: 
 ܄܂܉ܞ܏ ൌ ܄܂ܘା܄܂ܘ૛ ൌ ܄܂ܘ (6.31) 
 ઼۰ۺ۷ǡۯ ן ࢂࢀ࢖૛ ൅ࢂࢂ  (6.32) 
6.2.2.2 Scale effect of boundary layer 
influence thickness 
Remark that the ratio between δBLI at model scale (subscript m for 
model) and at full scale (subscript s for ship) is not equal to the 
scale factor λ. 
 
ࢾ࡮ࡸࡵ࢙ࢾ࡮ࡸࡵ࢓ ് ࣅ ൌ ࡸ࢖࢖࢙ࡸ࢖࢖࢓ (6.33) 
The ratio between the full scale and model scale δBLI is calculated 
in equation 6.34: 
 
઼۰ۺ۷ܛ઼۰ۺ۷ܕ ൌ ۺܘܘܛඥ܀܍ܛૠۺܘܘܕඥ܀܍ܕૠ ܂ܛܐܛ܂ܕܐܕ ൫܄܂ܛశ૛܄ܛ൯܄ܛ൫܄܂ܕశ૛܄ܕ൯܄ܕ  (6.34) 
Equation 6.34 can first be simplified to ቀ܂ܛܐܛ ൌ ܂ܕܐܕቁ: 
 
઼۰ۺ۷ܛ઼۰ۺ۷ܕ ൌ ۺܘܘܛඥ܀܍ܛૠۺܘܘܕඥ܀܍ܕૠ ൫܄܂ܛశ૛܄ܛ൯܄ܛ൫܄܂ܕశ૛܄ܕ൯܄ܕ  (6.35) 




ࢀࡼ࢙ୀࣅϢࢀࡼ࢓ሳልልልልልልልሰ ૚ (6.36) 
Equation 6.35 can further be simplified to: 
 
઼۰ۺ۷ܛ઼۰ۺ۷ܕ ൌ ࡸ࢖࢖࢙ඥࡾࢋ࢙ૠࡸ࢖࢖࢓ඥࡾࢋ࢓ૠ ൌ ࡸ࢖࢖࢙ࡸ࢖࢖࢓ ඥࡾࢋ࢓ૠඥࡾࢋ࢙ૠ  (6.37) 
If the model tests are carried out in the same fluid as the full scale 
fluid, the dynamic viscosity at model scale and at full scale will be 
the same, ߥ௠ ൌ ߥ௦. Standard model tests are carried out in fresh 
water (e.g. at 15°C: ߥ௠ ൌ ͳǤͳ͵ͺ͸ି଺;Ȁ) while most of the full scale 
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vessels sail in salty seawater (e.g. at 15°C: ߥ௦ ൌ ͳǤͳͺͻʹି଺;Ȁ). For 
reasons of simplicity for the explanation it is further assumed that 
both dynamic viscosities are equal. The ratio between the full scale 
boundary layer influence thickness and the thickness at model 
scale becomes: 
 
઼۰ۺ۷ܛ઼۰ۺ۷ܕ ൌ ඥࡾࢋ࢓ૠඥࡾࢋ࢙ૠ ࣅ ൌ ࣅቆටࢂ࢓ࡸ࢖࢖࢓ࢂ࢙ࡸ࢖࢖࢙ૠ ቇ ൌ ࣅ ቀ ૚ࣅξࣅቁ૚ૠ ൌ ࣅ૚૚૚૝ (6.38) 
In Figure 6.12 the ratio of equation 6.38 divided to the scale factor 
λ is plotted to that same scale factor. At a scale factor λ of 25 the 
boundary layer (influence thickness) will be about (relative) twice 
as thick on model scale as it is on full scale. 
 
Figure 6.12 the influence of the scale factor λ on the boundary layer 
influence thickness 
Figure 6.12 gives an indication of the δBLI,A for common 
dimensions on model scale and at full scale. The boundary layer 
influence thickness is at model scale about 0.04 to 0.06 m 
(Re>105) and at full scale 1 to 3 m (Re>108). 
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Figure 6.13 this is an indication of the thickness of δBLI at model scale 
(blue, 4-6cm) and full scale (yellow, 1-3m) 
 
6.2.3 Function for the lateral position 
with boundary layer influence 
Since the lateral force YA tends to go to zero when the gap ywall 
between ship and bank disappears, the function for the lateral 
position f(y) is forced to be zero at 
ଶ௬ௐି஻ ൌ ͳ. 
Now the distance to the wall is modelled as: 
 ܎ሺܡሻ ൌ ተ ૆ܡܡ૙Ǥ૞൫૚ା૆ܡ൯ሺ܅ି۰ሻିȁܡȁ ܡܟ܉ܔܔ ൒ ઼۰ۺ۷ǡۯܡܟ܉ܔܔ઼۰ۺ۷ ૆ܡܡ૙Ǥ૞൫૚ା૆ܡ൯ሺ܅ି۰ሻିȁܡȁ ܡܟ܉ܔܔ ൏ ઼۰ۺ۷ǡۯ (6.39) 
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Figure 6.14 the function for the lateral position y taking into account δBLI 
In Figure 6.14 the inverse of the equivalent wall distance 
parameter as modelled in a rectangular cross section is plotted for 
the entire range between -1 and 1. The decrease close to the bank 
is clearly visible. For one curve (here ξy=0.8) the region close to 
the starboard bank is plotted in Figure 6.15. 
 
Figure 6.15 the function for the lateral position y taken into account δBLI 
closer to the starboard bank. 
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Now the distance to the wall (as modelled) is plotted in Figure 6.16 
with the same tests as in Figure 6.9. 
 
Figure 6.16 the function for the lateral position and model tests taken 
into account the boundary layer influence on model scale 
The two previously unexpected low magnitudes for YA very close 
to the vertical wall (squares in Figure 6.9 and Figure 6.16) are in 
the influence zone of the boundary layer. 
6.2.4 Midship coefficient CM 
The lateral distance ywall between the Wigley hull and the vertical 
wall is for some tests smaller than δBLI,A but the magnitude of the 
lateral force at the aft perpendicular did not decrease as expected 
based upon the new insight. 
 
Figure 6.17 the Wigley hull towed at different lateral positions from a 
vertical wall W01, 0.73m/s, h/T=1.35 
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This behaviour is explained by the very different midship 
coefficient CM of the Wigley hull (CM =0.66) compared to the other 
ship models (>0.94) (Figure 6.18 and Table 6.1). 
 
Figure 6.18 cross section for the ship models T0Z (left) and W01 (right) 
The gap between ship and wall is much wider for the Wigley hull 
than the distance ywall suggests because of this low CM value. It is 
better to take the distance between ship and wall as the average 
distance over the entire draft of the vessel at the midship section. 
 ࢟࡯ࡹ ൌ ࢃ૛ െ ቀ࡮૛ ൅ ሺ૚ െ ࡯ࡹሻ ࡮૛ ൅ ࢟࢝ࢇ࢒࢒ቁ ൌ ࢃ૛ െ ሺ૛ െ ࡯ࡹሻ ࡮૛ െ ࢟࢝ࢇ࢒࢒ (6.40) 
Equation 6.40 can also be written as a function of y: 
 ܡ࡯ࡹ ൌ ܡ െ ሺ૚ െ ࡯ࡹሻ ۰૛ (6.41) 
For the tanker T0Z with a CM of 0.998 this does not change a lot 
but for the Wigley W01 with a CM value equal to 0.662 the value 
yCM is significantly different from y. Now the model tests as close 
as ywall=0.020m are out of the influence of the boundary layer δBLI 
(Figure 6.19). 
 
Figure 6.19 the lateral position taken the midship coefficient CM into 
account 
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6.2.5 Influence width 
6.2.5.1 Horizontal reach 
A bank will only affect the pressure distribution on the hull and, 
therefore, the forces and moments on the ship if the distance 
between ship and bank is sufficiently small. As a result, for a 
particular ship a value for the ship-bank distance can be defined 
that - for practical application - can be considered as the 
boundary between open and confined water. If the ship-bank 
distance exceeds this value, no (significant) influence of the bank 
on her manoeuvrability will be observed. This horizontal reach has 
been investigated by Barrass (influence on squat) and Römisch in 
(Härting & Reinking 2004). Both proposed an expression only 
based on a main parameter of the ship (block coefficient CB and 
length Lpp respectively). 
A systematic series of tests has been carried out at Flanders 
Hydraulics Research (Lataire et al. 2007) to define a speed 
dependent expression of the horizontal reach (or influence width 
of the bank). For this specific purpose a (small) bare hull ship 
model of a tanker (T0H, Table 6.1) was towed in cross section 
QY_0_7.00_0 (“empty” towing tank) at 4 different forward speeds, 
3 water depths and 11 lateral positions (Table 6.2). 
h/T U 2y/(W-B) ywall/B
[] [m/s] [] []
1.10 0.336 -0.164 -10.50
1.35 0.501 0.000 11.36









Table 6.2 properties of the model test environment to investigate the 
influence width 
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Figure 6.20 yinfl T0H, 1.003m/s, h=1.35T, running sinkage at the aft 
perpendicular 
For all combinations of speed and water depth, the running 
sinkage at the aft perpendicular zVA can be plotted as a function of 
the dimensionless lateral distance 
ଶ௬ௐି஻ (for reasons of simplicity CM 
of ship model T0H 0.996 is rounded off to one). An example is 
given in Figure 6.20 for the model tests carried out in a water 
depth h=1.35 T and forward speed of 1.003m/s. The magnitude 
of the running sinkage at the stern zVA increases once the vessel is 
in the influence zone of the bank. In this plot (Figure 6.20) three 
ranges can be distinguished (neglecting the model test on the 
centre line of the towing tank): 
If the distance to the bank is sufficiently large, the 
influence of the closest bank on the ship is negligible ; 
Close to the bank, a significant influence is generated ; 
In between, the influence is measurable but not significant
. 
Such a division in three ranges is carried out for all the model 
tests as listed in Table 6.2. The results of this classification are 
summarized in one graph (Figure 6.21) as a function of the non-
dimensional lateral distance 
ଶ௬ௐି஻  and the water depth related 
Froude number Frh. 
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Figure 6.21 Frh and 2y/(W-B) for all EFD results with T0H in the empty 
towing tank QY_0_7.00_0 at different water depths and forward speeds 
The dividing line (dotted line Figure 6.21) between combinations 
with significant influence and without significant influence shows 
dependency with the water depth dependent Froude number Frh. 
This division line is the influence distance sought for: 
 ܡܑܖ܎ܔ ൌ ۰ሺ૞۴ܚܐ ൅ ૞ሻ (6.42) 
Equation 6.42 is based on the running sinkage at the aft because it 
is expected that this value is the most ‘sensible’ for the presence 
of a bank during model tests. The sinkage aft ‘feels’ the bank 
significantly faster than the forces. As comparison the same 
influence distance is calculated based upon the publication 
(Barrass 2004): 
 ܡܑܖ܎ܔ ൌ ૙Ǥ ૞۰ ቀ ૠǤ૙૝۱܊૙Ǥૡ૞ቁ (6.43) 
and according to the publication (Römisch 2004) this is: 
 ܡܑܖ܎ܔ ൌ ૙Ǥ ૞ ۺܘܘ૙Ǥ૜  (6.44) 
From the point of view of ship manoeuvrability yinfl can be 
considered as the (half) width of the influence zone for bank 
effects. As a result, a ship sailing at a distance larger than this 
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distance from the closest bank undergoes no significant bank 
effects. 
 ࢟࢝ࢇ࢒࢒ ൐ ࢟࢏࢔ࢌ࢒ െ ࡮૛ (6.45) 
 
6.2.5.2 Ship’s centre line further away 
from closest bank than yinfl 
If the distance between the centre line of the ship and the closest 
bank is larger than the influence width yinfl then the value ݂ሺݕሻ 
must be zero (equation 6.46). The vessel sails as in a horizontal 
unrestricted (but shallow) fairway. There will be no influence of the 
bank on the vessel. 
 ࢟࢝ࢇ࢒࢒ ൅ ࡮૛ ൐ ࢟࢏࢔ࢌ࢒֜ ࢌሺ࢟ሻ ൌ ૙ (6.46) 
 
Figure 6.22 a vessel further away from the closest bank than yinfl; 
ywall+B/2>yinfl 
 
6.2.5.3 Width of the fairway wider than 
2yinfl 
When sailing in a very wide fairway (Figure 6.23) not only the total 
width W of the fairway will be large but the function f(y) can also 
reach a high value. As a consequence the ratio 
ଶ௬ௐି஻ will tend to 1 
(Equation 6.47) even when the gap between ship and bank ywall is 
not (extremely) small. 
 ࢒࢏࢓ ࢃ՜Ğ࢟՜ĞȀ૛ ቀ ૛࢟ࢃି࡮ቁ ൌ ૚ (6.47) 
The sensitivity for the distance between ship and bank will be lost. 
Therefore W must be limited to the double of the influence width 
yinfl and the eccentricity y must be calculated accordingly. 
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ࢃ૛ ൐ ࢟࢏࢔ࢌ࢒ ֜ࢃ ൌ ૛Ǥ ࢟࢏࢔ࢌ࢒ (6.48) 
 
ࢃ૛ ൐ ࢟࢏࢔ࢌ࢒ ֜ ࢟ ൌ ࢟࢏࢔ࢌ࢒ െ ቀ࡮૛ ൅ ࢟࢝ࢇ࢒࢒ቁ (6.49) 
 
Figure 6.23 a vessel sailing in a cross section wider than 2 yinfl 
 
6.2.6 Flow chart for f(y) in a 
rectangular cross section 
 
Figure 6.24 flow chart f(y) rectangular cross section 
The flow chart to calculate f(y) takes the influence width yinfl and 
boundary layer influence thickness into account (Figure 6.24). 
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6.3 Lateral position in a 
random cross section 
It is more seldom than common for a vessel to sail in a rectangular 
cross section. Sloped banks, dredged channels, natural river 
bottoms with a changeable bathymetry are much more common. 
As mentioned before, in these type of arbitrary cross sections the 
lateral position in the fairway is ambiguously defined. To 
overcome this problem first the surface piercing constant sloped 
banks are investigated, then the semi-submerged bank types and 
finally a solution for any random cross section will be given. 
6.3.1 Surface piercing banks 
Surface piercing banks are banks with a constant slope from the 
deepest part of the fairway up to the free surface. Ship model T0Z 
is tested along a wide range of different sloped banks. The 
combination and comparison between the model tests along a 
vertical wall and along the sloped banks are used to further extend 
the knowledge on the sloped banks. 
 
Figure 6.25 the test sections with surface piercing banks carried out in 
the FHR towing tank for ship model T0Z 
The ship model T0Z has been tested at the same water depths and 
forward speeds along the vertical bank QY_0_4.400_4 as it was 
tested along the sloped banks SP_1_4.200_3, SP_3_4.200_1 and 
SP_4_4.400_0 (Figure 6.25). Along bank QY_0_4.400_4 the distance 
ywall is straightforward to define. Because of the sloped opposite 
bank the distance y is calculated based upon the cross section 
area Ω: 
 ࢟ ൌ ૚૛ ࢹࢎ െ ࡮૛ െ ࢟࢝ࢇ࢒࢒ (6.50) 
LATERAL FORCE AT THE AFT PERPENDICULAR 
 6.3 Lateral position in a random cross section 
137 
For all the water depth and forward speed combinations a set of 
the coefficients ξy and ξYA (equation 6.51) has been derived based 
upon the model tests with model T0Z along bank QY_0_4.400_4. 
 ܇ۯ ൌ ૆܇ۯ܎൫૆ܡǡ ࢟൯ (6.51) 
Based upon these two coefficients ξy and ξYA the equivalent 
distance yeq has been calculated with the same model (equation 
6.51) and coefficients (according to the same water depth and 
forward speed) and YA along banks SP_1_4.200_3, SP_3_4.200_1 
and SP_4_4.400_0. 
Now the position of a vertical wall which generates the same YA as 
the sloped and surface piercing wall under consideration is 
determined. This distance yeq shows the position of a vertical wall 
that results in the same force at the aft perpendicular in the same 
conditions (water depth, forward speed and blockage). 
 
Figure 6.26 the position of the vertical wall equivalent to a sloped wall 
that results in the same YA 
For the three sloped banks from Figure 6.25 the distance yeq is 
plotted in Figure 6.26 as a wall with a thickness. This thickness 
originates from the different yeq for each water depth and forward 
speed. The wall thickness is generated based upon the minimal 
and maximal values for yeq. 
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A new expression to include the influence of the lateral position in 
the mathematical model must cope with all the influences of a 
sloped bank: 
The further from the vessel the smaller the influence of the 
geometry. There is no or almost no influence at a distance 
larger than the influence width yinfl from the vessel. 
No or almost no influence of the bathymetry should be 
observed at a depth much deeper than multiple times the 
draft. 
All types of geometries must be covered. (sloped banks, 
semi-submerged banks, changing slope angles, random 
bank geometries such as natural riverbeds, dredged 
channels, dredged fairway at sea…) 
6.3.2 Semi-submerged banks 
All model tests carried out with model T0Z are tests along a 
surface piercing bank. To check the influence of semi-submerged 
banks, the model tests carried out with the model C0U are used. 
To be valid for the model, all distances y between centre ship and 
bank must be larger than B/2 + δBLI,A. 
 
۰૛ ൅ ઼۰ۺ۷ǡۯ ൏ ܡ ൏ ܡܑܖ܎ܔ (6.52) 
 
Figure 6.27 definition of discrete lateral positions of importance in a semi 
submerged bank configuration 
6.3.3 Weight factor w 
The weight factor w (not to be confused with the vertical velocity 
component) is a value between 0 and 1 which indicates the 
influence of a water particle on the bank effects on a ship. A water 
particle closer to the hull will have a value closer to 1. The weight 
factor will tend to zero once the water particle is out of the 
horizontal reach (yinfl). The closer the water particle located to the 
free surface, the larger the weight factor w of that water particle. 
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The ‘value’ of a water particle decreases with the distance from the 
vessel and the closer to the bottom. By definition at the cross 
section of the centre line of the ship and the free surface (at rest) 
the weight factor is 1. The weight factor is graphically shown in 
Figure 6.28. 
 
Figure 6.28 the ship in a cross section and a graphical representation of 
the weight distribution in the same cross section 
The weight factor w is a decreasing exponential function, 
analogous to Norrbin’s factor (Norrbin 1974). The expression of 
the weight distribution w in the ship bound coordinate system is: 
 ܟ ൌ ܍ି൬૆ܡ ȁܡȁܡܑܖ܎ܔା૆ܢȁܢȁ܂ ൰ (6.53) 
6.3.3.1 χ Rectangle 
The ‘weight’ χ of any arbitrary area A is defined as: 
 ࣑ ൌ װ ࢝ࢊ࡭࡭  (6.54) 
 
Figure 6.29 weight distribution of a rectangular section 
For a rectangle with coordinates (y1,z1); (y2,z1); (y1,z2); (y2,z2) 
(Figure 6.29) the double integral of equation 6.54 can be solved 
analytically: 
 ࣑࢘ࢋࢉ࢚ ൌ ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࢟૛࢟૚ ࢊ࢟ࢊࢠࢠ૛ࢠ૚  (6.55) 
 ࣑࢘ࢋࢉ࢚ ൌ െ ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ ቆࢋିࣈ࢟ ࢟૚࢟࢏࢔ࢌ࢒ିࣈࢠࢠ૚ࢀ െ ࢋିࣈ࢟ ࢟૛࢟࢏࢔ࢌ࢒ିࣈࢠࢠ૚ࢀ െ ࢋିࣈ࢟ ࢟૚࢟࢏࢔ࢌ࢒ିࣈࢠࢠ૛ࢀ ൅ ࢋିࣈ࢟ ࢟૛࢟࢏࢔ࢌ࢒ିࣈࢠࢠ૛ࢀ ቇ (6.56) 
Experiment Based Mathematical Modelling of Ship-Bank Interaction 
140 
6.3.3.2 χ ship 
The ‘weight’ ɖ௦௛௜௣ covered by a rectangle B T at the position of the 
ship is: 
 ࣑࢙ࢎ࢏࢖ ൌ ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࡮૛ି࡮૛ ࢊ࢟ࢊࢠࢀ૙  (6.57) 
 ࣑࢙ࢎ࢏࢖ ൌ ૛ ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ ቆ૚ െ ࢋି ࣈ࢟࡮૛࢟࢏࢔ࢌ࢒ቇ ൫૚ െ ࢋିࣈࢠ൯ (6.58) 
 
6.3.3.3 χ ocean 
The integral 6.54 has a non-infinite solution for an infinite area. 
The weight of an infinitely wide and deep ocean is calculated: 
 ࣑࢕ࢉࢋࢇ࢔ ൌ ૛׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇஶ૙ ࢊ࢟ࢊࢠஶ૙  (6.59) 
 ࣑࢕ࢉࢋࢇ࢔ ൌ ૛ ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ  (6.60) 
 
6.3.3.4 Distance to bank d2b 
The weight at both sides of the vessel can be calculated with 
equations 6.61 and 6.62. All ‘water particles’ are taken into 
account, also the particles at a distance further away from the 
vessel than yinfl because the weight value w for these particles will 
be insignificantly small. 
 ࣑࢙ ൌ ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࢙࢟૙ ࢊ࢟ࢊࢠࢎ૙  (6.61) 
 ࣑࢖ ൌ ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࢟࢖૙ ࢊ࢟ࢊࢠࢎ૙  (6.62) 
A graphical interpretation of χp and χs is shown in Figure 6.30. The 
value χ for a trapezoidal cross section is analytically derived in 
Appendix 11.7. 
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Figure 6.30 graphical interpretation of χP (the integrated and weighted 
area at port) and χS (the integrated area at starboard) 
The dimensionless distance to bank parameter d2b is by 
definition: 
 
૚ࢊ૛࢈ ൌ ࢊ૛࢈ି૚ ൌ ࣑࢙ࢎ࢏࢖૛࣑࢙ െ ࣑࢙ࢎ࢏࢖૛࣑࢖ ൌ ࣑࢙ࢎ࢏࢖૛࣑࢙ െ ࣑࢙ࢎ࢏࢖૛࣑࢖  (6.63) 
 ࢊ૛࢈ ൌ ૛࣑࢙ࢎ࢏࢖ ࣑࢖࣑࢙࣑࢖ି࣑࢙ (6.64) 
It is the purpose of d2b-1 to be proportional to the force YA 
(equation 6.65). This is obtained through the coefficients ξy and ξz. 
These coefficients are calculated with the regression program “R” 
(Venables et al. 2002) and the outcome from the model tests. 
 ܇ۯ ן ࢊ૛࢈ି૚ (6.65) 
When sailing on the centre line of a symmetric cross section then 
χs will be equal to χp and thus d2b-1 will be zero. When sailing in 
unrestricted waters the values χs and χp again will be equal and as 
a consequence d2b-1=0.  
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6.3.3.5 Relation d2b-1 and YA 
The lateral force at the aft perpendicular YA of ship model T0Z is 
plotted in Figure 6.31. This plot contains results from model tests 
carried out at a forward speed according to 10 knots full scale, a 
water depth of 150% of the draft and a propeller rate 554rpm 
(model scale). Six different bank geometries are included; three 
vertical banks and three surface piercing banks, with four different 
lateral positions y for each bank. 
 
Figure 6.31 d2b-1vs YA for T0Z, 10kts, 554rpm, h=1.50T 
The positive propeller action will generate a positive non-zero 
thrust and as a consequence a thrust velocity VT. The influence of 
this thrust is not taken into account in Figure 6.31. The difference 
in bank geometry between a vertical bank and, for example, a 
slope of 1/4 (SP_4_4.400_0) is almost eliminated. 
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6.4 Water depth 
The water depth is very straightforward when a ship sails over a 
perfectly flat and horizontal bottom. If the bathymetry is more 
irregular the water depth is not that easy to define. Furthermore 
the water depth of importance can be different depending of the 
field of application. 
6.4.1 Definitions of the different water 
depths in an irregular cross 
section 
6.4.1.1 Towing tank water depth h 
 
Figure 6.32 water depth h, the deepest water depth in the cross section or 
þtowing tank water depthÿ 
All the model tests were carried out in a towing tank with a flat 
bottom with banks installed. For the model tests under 
consideration the banks were installed directly on the bottom of 
the towing tank, no false bottoms as in (Sano et al. 2012) are 
installed. The water depth h is defined as the deepest water depth 
in the towing tank, measured as the distance between the original 
bottom of the towing tank and the free surface at rest (Figure 
6.33). This water depth h is independent of the installed banks, 
and of the position of the ship model in the towing tank. This 
water depth is more practical in nature than physically based. This 
is the water depth of importance for the technical personnel of the 
towing tank who carries out the model tests (or create the input 
files in case of the FHR towing tank). 
6.4.1.2 Average water depth of the cross 
section havg  
 
Figure 6.33 the cross section area Ω  and width at the free surface W0 
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The width at the free surface is W0 [m] and the area of the cross 
section of the fairway is Ω [m²]. The ratio between both is the 
average water depth of the cross section havg.(equation 6.66, 
Figure 6.33). 
 ࢎࢇ࢜ࢍ ൌ ࢹࢃ૙ (6.66) 
This is again independent of the ship but only dependent of the 
geometry of the cross section. This water depth is important to 
calculate the critical speed of the cross section (Section 6.5). 
 
6.4.1.3 Water depth for the ship hship   
 
Figure 6.34 average water depth at the position of the vessel hship  
 ࢎ࢙ࢎ࢏࢖ ൌ ࢹ࢙ࢎ࢏࢖࡮  (6.67) 
The water depth the ship ‘feels’ depends on the bathymetry but 
also on the position of the vessel in this bathymetry. The water 
depth hship is defined as the average of the local water depth under 
the vessel (equation 6.67 and Figure 6.34). The value for Ωship is 
the area at the midship section of the vessel from starboard to 
port, from the bottom up to the free surface. The water depth hship 
is of importance to calculate the water depth dependent Froude 
Number Frh. 
 ࡲ࢘ࢎ ൌ ࢂටࢍࢎ࢙ࢎ࢏࢖ (6.68) 
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6.4.2 Influence of the water depth 
6.4.2.1 Unexpected observation 
The lateral attraction force at the aft perpendicular is expected to 
increase as the water depth decreases. Assume a vessel sailing in 
a rectangular cross section at a constant forward speed and a 
distance ywall (>δBLI) from the closest bank. When this ship sails in 
this cross section in deep water, a part of the displaced water can 
rather easily travel in the (wide) gap between the ship’s keel and 
bottom. Now the same ship sails under exactly the same 
conditions but the water depth is decreased to shallow water. The 
same amount of water displaced by the vessel cannot travel as 
easily between keel and bottom because this gap is much reduced 
in shallow water. Therefore, more water will travel along both 
sides of the ship’s hull. This will result in a higher pressure drop 
between ship and bank and thus a higher magnitude of the 
attraction force. 
 
Figure 6.35 YA for C0U at 10 knots full scale, bank QY_0_6.330_0 and 
ywall=1.130m 
If the forces measured during the model tests with ship model 
C0U (with fixed propeller = 0 rpm) are compared under exactly 
the same circumstances but only the water depth varies, then the 
lateral force YA did not increase with decreasing water depth 
(Figure 6.35). This unexpected relation was not unique but 
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systematic for almost all tests carried out without a positive thrust 
T (or with fixed propeller). 
Sailing from medium deep 
௛் ൌ ʹǤͲ  to shallow water ௛் ൌ ͳǤ͵ͷ  the 
magnitude of the attraction force YA increases. Sailing from 
shallow water 
௛் ൌ ͳǤ͵ͷ  to very shallow water ௛் ൌ ͳǤͳ  the force YA 
does not increase but decreases. The explanation for this 
behaviour is found in the boundary layer thickness, similar as in 
section 6.2.2.2. 
6.4.2.2 Extra model tests with a wide 
range of water depths 
First the water depth is sought for when the force YA no longer 
increases with decreasing water depth. The influence of two 
parameters must be distinguished and separated: first the 
influence of the water depth on the magnitude of the lateral force 
at the aft YA, second the influence of the (active) propeller on the 
same force (Figure 6.36). 
 
Figure 6.36 YA for C0U at 10 knots full scale, bank QY_0_6.330_0 and 
ywall=1.130m with and without active propeller action 
As mentioned before the smaller the under keel clearance the 
larger the velocity of the return flow. The larger the return flow, 
the lower the pressure at the stern of the vessel and the larger the 
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magnitude of the attraction force at the aft perpendicular YA. This 
assumption seems to be valid for the model tests as shown in 
Figure 6.36 with a propeller rate of 539 rpm (80% of max rpm). As 
mentioned in 6.4.2.1, the model tests with a fixed propeller 
(0 rpm) do not act as expected. The magnitude of the attraction 
force is at the shallowest water depth, the lowest. This observation 
still stand for all model tests carried out in 2008 (Lataire et al. 
2009) and 2010 (Lataire et al. 2012b). All these model tests were 
carried out at three water depths for each ship model. 
h h/T u n 2y/(W-B) Y
[m] [] [m/s] [rpm] [] [m]
0.163 1.10 0.437 0.000 0.000 0.000
0.166 1.12 0.582 0.000 0.646 2.060
0.169 1.14 0.728 0.000 0.784 2.500
0.173 1.17 0.873 0.000
0.178 1.20 0.437 269
0.185 1.25 0.582 364
0.192 1.30 0.728 452




Table 6.3 model test program (#207) in search for the unexpected water 
depth influence  
In 2013 model tests were carried out in the towing tank of FHR 
(without installed banks; QY_0_7.00_0). The chosen ship model was 
A01 (twin screw ship model of a car carrier). For a combination of 
forward speeds, propeller rates (port and starboard propeller 
always at the same rate) and lateral positions the tests are 
repeated for 11 different water depths h (Table 6.3, Figure 6.37). 
First only the model tests with a fixed propeller (=0 rpm) are 
considered. 
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Figure 6.37 the wide range of tested water depths with ship model A01 in 
cross section QY_0_7.00_0 
The water depth h in Figure 6.37 is expressed as T/(h-T) or h/T 
with h the original water depth in the towing tank without taking 
into account the drop of water level due to the moving ship model. 
 
Figure 6.38 the lateral force at the aft perpendicular YA plotted to the 
draft to water depth ratio (ship model A01, 0 rpm) 
In Figure 6.38 the lateral force at the aft perpendicular (positive is 
attraction towards the bank) is shown for 11 draft to water depth 
ratios. The forward speed of the model was 0.582m/s (at λ = 50 
this is 8 knots full scale) and the propeller attached but fixed at 
0 rpm. The lateral position of the model in the towing tank y was 
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2.060m eccentric and 2.500m. For both lateral positions the 
attraction force increases with decreasing water depth until a 
critical value is reached (somewhere between T/h 0.80 and 0.90). 
Since the displaced water will have a higher velocity when a larger 
volume is forced to flow along the vessel and not under the vessel 
(which is the case at lower water depths) the pressure drop 
between wall and vessel will decrease and the attraction force will 
increase. 
At very shallow water, however, the magnitude of the attraction 
force decreases with decreasing water depth. In very shallow water 
this force even changed into a repulsion force directed away from 
the closest wall for some tests. It is assumed that this unexpected 
effect is caused by the boundary layer between keel and bottom, 
analogue as for the boundary layer thickness influence δBLI,A 
between the ship and wall (section 6.2.2.1). 
At model scale the distance δBLI,A is the minimal thickness between 
the ship’s side and bank to be able to measure the lateral force YA 
without having significant influence of the boundary layer. If this 
minimal distance is smaller than δBLI,A, then there is an influence of 
the boundary layer on YA and as a consequence this force YA can 
no longer be scaled according to Froude’s law. 
 ܐܕܑܖ ൌ ܂ ൅ ઼۰ۺ۷ǡۯ (6.69) 
Based upon the same formula for δBLI,A (equation 6.28) for the 
minimal distance between ship’s side and bank, the minimal water 
depth hmin can be calculated (equation 6.69, Figure 6.39). 
 
Figure 6.39 the minimal under keel clearance and δBLI,A at the aft 
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In Figure 6.38 the value ݄௠௜௡ according to equation 6.69 is 1.19 T 
(or T/h = 0.84). This means that at a water depth smaller than 
1.19 T the (viscous) influence of the boundary layer comes into 
play. The boundary layer makes the water to get stuck and this 
results in a higher pressure between ship and environment. This 
causes the decrease in attraction force (or in extreme conditions 
even a repulsion force) in (very) shallow water. This transition 
point will come into existence at model scale (relative) faster than 
at full scale. 
 
Figure 6.40 influence of running sinkage at the aft zVA on the under keel 
clearance 
The effective under keel clearance at the aft perpendicular will 
decrease because of the squat (Lataire et al. 2012a). The squat at 
the aft perpendicular results in an increased running sinkage zVA. 
Now the running under keel clearance at the aft perpendicular ቀ ୘୦ౣ౟౤ି୘ି୸౒ఽቁ  will be plotted to YA as to take into account this 
phenomenon (Figure 6.40). 
 ܐܕܑܖ െ ࢀ െ ࢠࢂ࡭ ൌ ઼۰ۺ۷ǡۯ (6.70) 
In Figure 6.41 a vertical line is added with an abscissa equal to ൬ ୘ஔాై౅ǡఽ൰. The value δBLI,A is a function of the measured thrust TP and 
will therefore change (slightly) for all tests in Figure 6.41. The 
average value is used. The forces plotted on the right hand side of 
this vertical line are influenced by the boundary layer, the forces 
on the left are not. 
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Figure 6.41 YA plotted to the net under keel clearance and with the 
indication of the influence zone of the boundary layer for zero propeller 
speed on model scale 
For the other velocities the same distinction between the presence 
and absence of the boundary layer influence seems valid. Note 
that the formulation for δBLI,A is only based upon the lateral gap 
between ship and (vertical) bank and applied to the gap between 
bottom and keel. 
 
6.4.2.3 Including the positive propeller 
action 
Based upon the model tests with ship model C0U (with an example 
as shown in Figure 6.36) the behaviour in very shallow water 
seems very different with and without a propeller that generates a 
positive thrust. To be able to exclude the possibility that this 
behaviour is ascribed to the influence of the proximity of the bank 
on the active propeller (and the wake it produces) instead of the 
bank effects on the hull, the measured force (TP) and torque (QP) 
on the propeller stock are plotted for a selection of tests in Figure 
6.42. 
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Figure 6.42 Ship model C0P in cross section SP_3_4.200_1 according to 
10 knots full scale at a propeller rate 402rpm, h/T=1.35 
This figure shows that both the propeller generated thrust TP and 
torque QP hardly change at the different lateral positions in cross 
section SP_3_4.200_1. Since this force and torque are about 
constant, the advance speed of the propeller VA can be expected 
to be constant. This means that the supply of water towards the 
propeller is not (or only to a minor extent) influenced by the 
proximity of the banks.  
The systematic model tests with ship model A01 in a wide range 
of water depths are also carried out with a propeller rate according 
to self-propulsion in open and deep water for each velocity (Table 
6.3).  
 
Figure 6.43 YA plotted to the under keel clearance and with the indication 
of the influence zone of the boundary layer for an active propeller 
generating positive thrust 
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Due to the propeller action the attraction force at the aft 
perpendicular increases dramatically at the extreme shallow water 
depths. The previous assumption, however, still stands. What is 
seen in Figure 6.43 is a combination of different influences. At 
water depths deeper than hmin the attraction force increases with 
decreasing water depth. At water depths close to hmin the 
attraction force YA does not change much with decreasing water 
depth. At extreme shallow water the magnitude of the lateral force 
at the aft perpendicular increases rapidly with decreasing water 
depth. 
In Figure 6.44 the water depth and propeller action on the lateral 
force YA is conceptually separated. The dashed line is the force YA 
plotted to the water depth as if there is a fixed propeller (propeller 
rate = 0 rpm) and forced through the origin. This curve is similar 
as the line in Figure 6.41. The dotted line in Figure 6.44 is the 
influence of the active propeller on the force YA for a wide range of 
water depths. The full line in Figure 6.44 is the superposition of 
the dashed and dotted line. This line is the simplification of the 
results shown in Figure 6.43. 
 
Figure 6.44 concept of the superposition of the lateral force and propeller 
action 
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The influence of the boundary layer which acts as an obstruction 
for the return flow is partly overcome by the rotating propeller. 
The propeller action will increase the velocity between ship and 
wall. The active attraction of water by the propeller results in a 
pressure drop and amplifies attraction towards the bank at the aft 
perpendicular. 
The problem with scale effects at water depths smaller than hmin 
still stands. It is only the influence of the propeller that masks the 
influence of the boundary layer. This is even more true when only 
a limited number of water depths are tested (as was the case in 
Figure 6.36). 
6.4.3 Mathematical model water depth 
influence 
6.4.3.1 Midship coefficient 
To take into account the midship coefficient of the vessel (as done 
in section 6.2.4) the following ratio is used instead of 
܂ܐܛܐܑܘି܂ିܢ܄ۯ: 
 
܂ܐܛܐܑܘି܂ିܢ܄ۯ ՜ ࡯ࡹ܂ܐܛܐܑܘି࡯ࡹ܂ିܢ܄ۯ (6.71) 
 
Figure 6.45 graphical interpretation of the different influence of CM on the 
relative water depth for a common seagoing vessel (left) and the rather 
unique shaped W01 (right) 
This equation 6.71 will only differ to a minor extent at moderate 
and deep water if the midship coefficient is not taken into account 
(or ܥெ ൌ ͳ ). In shallow and very shallow waters this ratio will 
increase slightly for most vessel types (Figure 6.46). For the ship 
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model W01 (Wigley hull) this is more significant because of the 
extremely low CM value (Table 6.1) as graphically shown in Figure 
6.45 (the running sinkage at the aft perpendicular zVA is not 
accounted for). 
 
Figure 6.46 relation between relative water depth with and without the 
midship coefficient taken into account, here for ship model A01 
 
6.4.3.2 Boundary layer influence on YA 
The proposed mathematical model for the lateral force at the aft 
perpendicular YA will be split into two parts; a branch when the 
water depth hship is deeper than hmin and a second branch for water 
depths more shallow than hmin. The latter will result in the 
mathematical model for deeper water (hship > hmin) multiplied by 
the ratio of the effective under keel clearance (hship-CMT-zVA) and 
δBLI,A. The model tests carried out in a water depth lower than hmin 
are not taken into account for defining the coefficients of the 
regression of the model. 
 ࢅ࡭ ן ቐ ࢊ૛࢈ି૚ࢌ൫ࢂࢋࢗ൯ ࢎ࢙ࢎ࢏࢖ െ ࡯ࡹࢀ െ ࢠࢂ࡭ ൒ ࢾ࡮ࡸࡵǡ࡭ࢎ࢙ࢎ࢏࢖ି࡯ࡹࢀିࢠࢂ࡭ࢾ࡮ࡸࡵǡ࡭ ࢊ૛࢈ି૚ࢌ൫ࢂࢋࢗ൯ ࢎ࢙ࢎ࢏࢖ െ ࡯ࡹࢀ െ ࢠࢂ࡭ ൏ ࢾ࡮ࡸࡵǡ࡭ (6.72) 
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6.5 Forward speed, water depth 
and propeller action 
A method to implement the influence of the forward speed of the 
vessel, the water depth and characteristics of the propeller action 
in the mathematical model for the lateral force at the aft 
perpendicular YA is sought for. A mathematical model based on 
physics with only a limited amount of coefficients is the objective. 
6.5.1 Tuck number Tu 
In (Tuck 1966) the dimensionless Tuck number Tu was introduced 
(Figure 6.47). This dimensionless number increases rapidly when a 
vessel sails at a velocity V closer to the critical speed in open water ሺܨݎ௛ ൌ ͳሻ. The forward velocity of the ship V is made dimensionless 
by dividing through the critical velocity in open water ඥ݄݃௦௛௜௣. This 
ratio is the water depth dependent Froude number Frh. 
 ࡲ࢘ࢎ ൌ ࢂටࢍࢎ࢙ࢎ࢏࢖ (6.73) 
 ࢀ࢛ሺࢂሻ ൌ ࡲ࢘ࢎ૛ටห૚ିࡲ࢘ࢎ૛ห (6.74) 
 
Figure 6.47 the Tuck number Tu(V) in the sub (Frh<1) and super critical 
(Frh>1) speed region 
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The Tuck number Tu(V) does not take into account the (lateral) 
restriction of the fairway. However, this restriction will decrease 
the critical speed. Furthermore present research is limited to 
velocities smaller than 84% of the critical speed (Section 5.3.4) 
6.5.2 Blockage m 
The critical velocity decreases in confined waters and will be 
smaller than ඥ݄݃ . In (Schijf 1949) the critical velocity Vcrit is 
calculated taking into account the blockage m. The blockage is 
known as the ratio between the midship area AM and the cross 
section Ω (as in section 5.3.4). 
If a vessel sails close to one bank in a very wide cross section the 
area Ω must be limited. The bathymetry at a lateral distance yinfl 
and beyond located from the vessel is therefore not taken into 
account: 
 ࢹ࢒࢏࢓ ൌ ׬ ׬ ࢊࢹ࢟࢏࢔ࢌ࢒ି࢟࢏࢔ࢌ࢒ࢎ૙  (6.75) 
Now the blockage is: 
 ࢓࢒࢏࢓ ൌ ࡭ࡹࢹ࢒࢏࢓ ൌ ࡯ࡹǤ࡮ࢀࢹ࢒࢏࢓  (6.76) 
A disadvantage of limiting the cross section to the influence width 
is that the minimal value for the blockage in shallow unrestricted 
waters is no longer zero but will have a minor value (Equation 
6.77). 
 ࢓࢓࢏࢔ ൌ ࡭ࡹ૛࢟࢏࢔ࢌ࢒ࢎ ൌ ࢀ૚૙ࢎ ࡯ࡹࡲ࢘ࢎା૚ ൏ ૚૚૙ ૚૚ ൌ ૙Ǥ ૚ (6.77) 
The dimensionless critical speed Frcrit according to (Schijf 1949) is 
shown in Equation 5.10. When the critical speed in this equation is 
calculated with the cross section within the influence width Ωlim 
then the critical speed Frcrit,lim is obtained. 
 ࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓ ൌ ቀ૛࢙࢏࢔ቀ࡭࢘ࢉ࢙࢏࢔ሺ૚ି࢓࢒࢏࢓ሻ૜ ቁቁ૜૛ (6.78) 
This dimensionless speed can be made with dimension by 
multiplying by ඥ݄݃௔௩௚. This water depth ݄௔௩௚ is the ratio between 
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the (limited) cross section area Ω (equation 6.75) and the width on 
the free surface W0. The latter is the summation of the width on 
the free surface at port ݕ௛଴௣ and starboard ݕ௛଴௦ side of the vessel 
(measured from the centre line of the vessel). Again both 
distances are limited to yinfl (if ݕ௛଴ ൐ ݕ௜௡௙௟ than ݕ௛଴ ൌ ݕ௜௡௙௟). 
 ࢃ૙ ൌ ࢟ࢎ૙࢖ ൅ ࢟ࢎ૙࢙ (6.79) 
 ࢎࢇ࢜ࢍ ൌ ࢹࢃ૙ (6.80) 
Remark that the water depth havg in a canal section does not take 
the water depth under the vessel into account but the average over 
the entire cross section (within the limits defined by yinfl). Now the 
critical speed is: 
 ࢂࢉ࢘࢏࢚ ൌ ඥࢍࢎࢇ࢜ࢍࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓ ൌ ඥࢍࢎࢇ࢜ࢍ ቀ૛ ࢙࢏࢔ ቀ࡭࢘ࢉ࢙࢏࢔ሺ૚ି࢓࢒࢏࢓ሻ૜ ቁቁ૜૛ (6.81) 
6.5.3 Tuck number including critical 
speed 
The Tuck number is now adapted to Tum so the vertical asymptote 
(Figure 6.47) is located at the critical speed (which takes into 
account the limited blockage as in equation 6.79 and Figure 6.48): 
 ࢀ࢛࢓ሺࢂሻ ൌ ൬ ࡲ࢘ࢎࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓൰૛ඨ૚ି൬ ࡲ࢘ࢎࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓൰૛ ൌ
ࢎࢇ࢜ࢍࢎ࢙ࢎ࢏࢖ ࢂ૛ࢂࢉ࢘࢏࢚ǡ࢒࢏࢓૛ඨ૚ିࢎࢇ࢜ࢍࢎ࢙ࢎ࢏࢖ ࢂ૛ࢂࢉ࢘࢏࢚ǡ࢒࢏࢓૛ (6.82) 
The numerator of equation 6.82 can be written as (this is derived 
in Appendix 11.8): 
 
ࢎࢇ࢜ࢍࢎ࢙ࢎ࢏࢖ ࢂ૛ࢂࢉ࢘࢏࢚ǡ࢒࢏࢓૛ ൌ ࢂ૛ࢍࢎ࢙ࢎ࢏࢖൬૛ ࢙࢏࢔൬࡭࢘ࢉ࢙࢏࢔൫૚ష࢓࢒࢏࢓൯૜ ൰൰૜ (6.83) 
And as such the Tuck number equals: 
 ࢀ࢛࢓ሺࢂሻ ൌ ࢂ૛ࢍࢎ࢙ࢎ࢏࢖ቆ૛࢙࢏࢔ቆ࡭࢘ࢉ࢙࢏࢔൫૚ష࢓࢒࢏࢓൯૜ ቇቇ૜ඩ૚ି ࢂ૛ࢍࢎ࢙ࢎ࢏࢖ቆ૛࢙࢏࢔ቆ࡭࢘ࢉ࢙࢏࢔൫૚ష࢓࢒࢏࢓൯૜ ቇቇ૜  (6.84) 
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Figure 6.48 Tuck number including blockage ratio m and the limiting 
forward speed for the mathematical model 
In Figure 5.5 the ratio between the critical Froude number based 
upon the blockage m and the water depth dependent Froude 
number was shown to indicate the limits of the model. In Figure 
6.49 the same data is plotted but the critical speed Frcrit,lim is 
calculated with the limited blockage mlim. Only minor differences 
between Figure 5.5 and Figure 6.49 can be observed (although 
more than 50% of these tests shifted closer to the critical speed). 
The same conclusion still stands for the behaviour of the ship 
when the critical speed is calculated within the influence width: 
 ࡲ࢘ࢎ ൏ ૙Ǥ ૡ૝ࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓ (6.85) 
 
Figure 6.49 running sinkage at the fore to the ratio to the critical limited 
speed  
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6.5.4 Propeller 
The influence of the propeller action is implemented by increasing 
(or decreasing) the forward velocity of the vessel V with a fraction ߦ௏் of the derived velocity VT (section 6.1.3). VT is based upon the 
thrust delivered by the propeller on the propeller shaft TP. In the 
case of a fixed propeller (propeller rate = 0 rpm), the propeller 
acts as a source of increased resistance. The thrust is negative and 
the equivalent speed Veq will be smaller than the forward speed of 
the vessel V. If the propeller delivers a positive thrust, an extra 
component is added to the forward speed of the vessel and Veq is 
larger than the forward speed of the vessel. 
Only the thrust delivered by the propeller closest to the closest 
bank is taken into account in case of a twin screw vessel. 
 ࢀ࢛࢓ሺࢂ ൅ ࣈࢂࢀ࡭ࢂࢀሻ ൌ ࢀ࢛࢓൫ࢂࢋࢗ൯ ൌ ࢎࢇ࢜ࢍࢎ࢙ࢎ࢏࢖ ࢂࢋࢗ૛ࢂࢉ࢘࢏࢚ǡ࢒࢏࢓૛ඨ૚ିࢎࢇ࢜ࢍࢎ࢙ࢎ࢏࢖ ࢂࢋࢗ૛ࢂࢉ࢘࢏࢚ǡ࢒࢏࢓૛ (6.86) 
 
6.5.5 Validation of the Tuck number 
Tum(Veq) 
The Tuck number Tum(Veq) from equation 6.87 takes into account: 
V; the forward speed through the water of the vessel 
VT; the propeller action 
mlim:; the dimensions of the fairway (Ωlim) and the midship 
area (AM) 





In Figure 6.50 and Figure 6.51 the lateral force at the aft 
perpendicular (with dimension N) is plotted to the dimensionless 
Tum(Veq). In both plots all the tests without boundary layer 
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influence are plotted. A wide range of water depths, ship speeds 
and propeller actions are included. 
 ܇ۯ ן ࢀ࢛࢓൫ࢂࢋࢗ൯ (6.88) 
 
Figure 6.50 YA plotted to Tum(Veq) for all the model tests with A01 without 
influence of the boundary layer in cross section QY_0_7.00_0 at a lateral 
position y = 2.500m 
 
Figure 6.51 YA plotted to Tum(Veq) for all the model tests with A01 without 
influence of the boundary layer in cross section QY_0_7.00_0 at a lateral 
position y = 2.060m 
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6.6 Correlation with running 
sinkage 
Although the squat or running sinkages are out of the scope of 
this work, it cannot be neglected that there is a connection 
between the running sinkages and the forces induced due to bank 
effects. Therefore the running sinkage at the fore and aft relation 
are plotted for a selection of model test results with the force YA 
(Figure 6.52). 
 
Figure 6.52 running sinkages (zVF and zVA) and lateral force at the aft for 
ship model C0P in cross section SP_3_4.200_1 according to 10 knots full 
scale at propeller rate 402 rpm and relative water depth h/T=1.35 
As is the case for the force YA, the closer the ship sails to the 
bank, the larger the magnitude of the running sinkage. This is true 
for both running sinkages (at the fore and at the aft). The trim of 
this ships does not change significantly. 
 
Figure 6.53 running sinkage at the aft plotted as a function of the lateral 
force at the aft for the same conditions as in Figure 6.52 
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Figure 6.53 shows the high correlation between the running 
sinkage at the aft zVA and the lateral force at the aft perpendicular 
YA. Remark that bank effects will increase the running sinkage 
when sailing on the centreline of a symmetric cross section (when 
the lateral force YA will be zero under the same conditions). 
 
6.7 Mathematical model for YA  
6.7.1 The mathematical model for YA 
The combination of equation 6.65 and equation 6.88 results in: 
 ܇ۯ ן ܌૛܊ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯ (6.89) 
The right hand side (which is dimensionless) is multiplied by the 
displacement force Δ [N] of the ship under consideration: 
 ઢ ൌ ૉ܏સ (6.90) 
To get an equation instead of a proportion the constant Ɍ஡  is 
added: 
 ܇ۯ ൌ ቐ ૆ૉઢ܌૛܊ି૚܂ܝܕ൫܄܍ܙ൯ǡ ൫ܐܛܐܑܘ െ ۱ۻ܂ െ ܢ܄ۯ൯ ൒ ઼۰ۺ۷ǡۯܐܛܐܑܘି۱ۻ܂ିܢ܄ۯ઼۰ۺ۷ǡۯ ૆ૉઢ܌૛܊ି૚܂ܝܕ൫܄܍ܙ൯ǡ ൫ܐܛܐܑܘ െ ۱ۻ܂ െ ܢ܄ۯ൯ ൏ ઼۰ۺ۷ǡۯ(6.91) 
 
6.7.2 Recapitulation of all the 
coefficients of the model YA  
Only four coefficients are used in the mathematical model for YA. 
This set of four coefficients is only valid for one displacement 
condition of one ship and within the boundaries of the 
mathematical model. Ɍ஡ [0,+∞]  copes with the overall proportionality 
of the model and the force YA ߦ௏்஺ [0,1]  part of the thrust velocity VT to be 
added to the forward speed V to create the equivalent 
velocity Veq. 
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ߦ௬ [0, +∞]  the lateral decrease of the weight 
factor w for the water particles away from the ship ߦ௭ [0, +∞] the vertical decrease of the weight 
factor w towards the bottom 
A set of these four coefficients is calculated for each ship model at 
each draft tested with the software “R” and the results from the 
model tests (all water depths, banks, velocities and lateral 
positions). For reasons of confidentiality these coefficients are not 
included in the present dissertation. 
Because of the high mathematical stability of the mathematical 
model a set of these four coefficients can be created based on all 
the sets of coefficients available and the main hydrostatic 
properties of the (unknown) ship under consideration. 
 
Figure 6.54 C0U T1454.4 model vs EFD, all tests out of δBLI 
In Figure 6.54 the lateral force at the aft perpendicular YA for ship 
model C0U (at a draft of 0.180m) based upon 1154 model tests is 
plotted to the result from the mathematical model. Overall the 
results are satisfying and within the boundaries defined by 2s. 
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6.8 Conclusions 
The lateral position of a ship in a rectangular cross section is 
unambiguously determined and the closer the ship sails to the 
vertical wall, the larger the magnitude of the lateral force at the aft 
perpendicular. A function of the lateral position in a rectangular 
cross section (equation 6.92) proportional to the magnitude of the 
lateral force is proposed. 
 ࢌሺ࢟ሻ ൌ ࣈ࢟࢟૙Ǥ૞൫૚ାࣈ࢟൯ሺࢃି࡮ሻିȁ࢟ȁ (6.92) 
There is a minimal gap between ship and bottom/wall to overcome 
the influence of the boundary layer on the force YA. This minimal 
distance is defined as δBLI and can be calculated (equation 6.93). 
This gap is assumed to have the same stretch between the side of 
the ship and the vertical wall as between the ship’s keel (taking 
into account the running sinkage at the aft) and the bottom of the 
cross section. The deeper the ship sails in the boundary layer 
influence, the smaller the magnitude of the force YA. 
 ઼۰ۺ۷ǡۯ ן ۺܘܘξ܀܍ૠ  ܂ܐ ሺ܄܂ା૛܄ሻ܄  (6.93) 
There is a limit to the distance between a ship and bank to induce 
bank effects. This distance is the influence width yinfl: 
 ܡܑܖ܎ܔ ൌ ۰ሺ૞۴ܚܐ ൅ ૞ሻ (6.94) 
The weight factor w is introduced to take into account all the 
finesses of a random geometry of a cross section. This ‘weighted’ 
surface is then integrated to χ and with this value the distance to 
bank d2b can be calculated. The magnitude for YA is proportional 
to d2b-1. 
 ܟ ൌ ܍ି൬૆ܡ ȁܡȁܡܑܖ܎ܔା૆ܢȁܢȁ܂ ൰ (6.95) 
 ࣑ ൌ װ ࢝ࢊ࡭࡭  (6.96) 
 ࢊ૛࢈ ൌ ૛࣑࢙ࢎ࢏࢖ ࣑࢖࣑࢙࣑࢖ି࣑࢙ (6.97) 
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An equivalent forward speed Veq is introduced to take into account 
the forward speed of the ship and the actions of the propeller. 
This equivalent speed is then incorporated in the adapted Tuck 
number which takes into account the blockage ratio of the cross 
section. 
 ܄܂ ൌ ܛܑ܏ܖሺ܂۾ሻටૡȁ܂۾ȁૉૈ۲૛ (6.98) 
 ܄܍ܙ ൌ ܄ ൅ ૆܄܂ۯ܄܂ (6.99) 
 ࢀ࢛࢓ሺࢂሻ ൌ ൬ ࡲ࢘ࢎࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓൰૛ඨ૚ି൬ ࡲ࢘ࢎࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓൰૛ (6.100) 
If a ship does not sail in the influence of the boundary layer then 
the lateral force is always directed towards the closest bank 
(attraction force) and the formulation for the lateral force at the aft 
perpendicular of the bank effects YA is as simple as: 
 ܇ۯ ൌ ૆ૉઢ܌૛܊ି૚܂ܝܕ൫܄܍ܙ൯ (6.101) 
This formulation contains only four coefficients to be determined 
for each ship at each draft. 
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7 LATERAL FORCE AT THE 
FORWARD PERPENDICULAR 
The lateral force at the forward perpendicular YF in some 
conditions behaves very similar to the lateral force at the aft 
perpendicular YA, sometimes it does not. The force YF behaves 
different than YA on the influence of the water depth and propeller 
action. 
The influence of the propeller action is much less present than it is 
for the lateral force at the aft perpendicular because of the relative 
position between the propeller(s) and the forward perpendicular. 
The water depth (or under keel clearance) has a more prominent 
influence. In deep water the lateral force at the forward 
perpendicular acts very similar to the lateral force at the aft 
perpendicular. In these conditions the attraction force is directed 
towards the closest bank with a magnitude smaller than the 
attraction force at the aft perpendicular. The combination of these 
two forces results in an overall attraction force and bow-away 
moment. In very shallow water the lateral force at the forward 
perpendicular becomes a repulsion force away from the closest 
bank. The magnitude of this repulsion can become larger than the 
magnitude of the attraction force at the aft perpendicular. As a 
result the vessel is pushed away from the closest bank with a large 
bow away moment. 
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The mathematical model for the lateral force at the forward 
perpendicular YF will be formulated by checking the different 
influences such as forward speed, propeller action, bathymetry. 
7.1 Velocity 
7.1.1 Forward speed 
If the physical phenomenon of bank effects is simplified and seen 
as a pure Bernoulli effect, then the higher the forward speed the 
larger the bank effects and in casu the larger the magnitude of the 
lateral force at the forward perpendicular YF. If the vessel sails at a 
higher speed along a bank then the return flow between ship and 
bank increases with increasing vessel speed and the pressure drop 
between ship and bank results in a larger attraction force towards 
the closest bank. 
 
Figure 7.1 the lateral force YF plotted to the forward speed. Ship model 
C0P, rpm=0, water depth h=2.0T, at a distance from the wall 
ywall=0.860 m in QY_0_4.400_4 
In Figure 7.1 the lateral force at the forward perpendicular during 
model tests carried out with C0P towed along the vertical bank 
QY_0_4.400_4 at a distance ywall = 0.860 m and fixed propeller 
shaft (0 rpm) is plotted for different forward speed. These forward 
speeds correspond to 6, 8, 10, 12 and 16 knots full scale (at a 
scale 1/80). The forward speed is the only variable in the entire 
test setup of the plotted values in this figure. In the same Figure 
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7.1 a quadratic function ݂ሺܸሻ ן ܸଶ  (through the data point at 6 
knots) is also plotted. This function indicates the higher than 
quadratic order for the magnitude of the lateral force for these 
specific model tests since the lateral forces are systematically 
larger than this function. In Figure 7.2 the same results as in 
Figure 7.1 are plotted but the values YF are divided by 
ଵଶ ߩܸଶ. Again 
in this figure the higher than quadratic order of the forward speed 
to the lateral force at the forward perpendicular YF is shown. The 
same is true for all tested ship models in deep water ቀ௛் ൒ ʹቁ. 
 
Figure 7.2 the lateral force YF divided to the square of the forward speed 
V² for Ship model C0P, rpm=0, water depth h=2.0T, at a distance from 
the wall ywall=0.860 m in QY_0_4.400_4 C0P 
The higher than quadratic relation between the lateral force and 
the forward speed is explained by (Tuck 1966) (among others) 
because of the larger return flow because of the narrowness 
between the ship and bank and/or the ship and bottom. 
The influence of the under keel clearance ቀ௛்ቁ will be elaborately 
explained in Section 7.3. In very shallow water ቀ௛் ൎ ͳǤͳͲቁ  the 
lateral force at the forward perpendicular YF will always be a 
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repulsion force and thus changes sign from deep (attraction) to 
shallow water (repulsion). 
 
Figure 7.3 the lateral force YF plotted to the square of the forward speed 
V² for ship model C0P, rpm=0, water depth h=1.10T, at a distance from 
the wall ywall = 0.860 m in QY_0_4.400_4 C0P 
Similar as for the attraction force YF in deep water, the magnitude 
of the repulsion force YF in very shallow water (h/T=1.10) 
increases more than quadratic with the forward speed as is shown 
for a limited amount of tests in Figure 7.3. The same observation 
remains true for the other tested ship models. 
7.1.2 Propeller influence 
7.1.2.1 Relative distance between 
forward perpendicular and the 
propeller 
All propellers under consideration are located at the aft section of 
the vessel and (when working) accelerate water to create thrust. 
This acceleration of the surrounding water creates a higher 
velocity of the water particles surrounding the ship’s hull. This 
effect is much more present at the region around the aft 
perpendicular than at the forward perpendicular obviously because 
of the relative position of the propeller from these perpendiculars. 
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The ratio between the length between perpendiculars and the 
propeller diameter 
௅௣௣஽  indicates how far the forward perpendicular 
is relatively located from the propeller. For a long and narrow ship 
(compared to beam and draft) with relative small propeller (e.g. 
ship model B01) this ratio will be large (or the propeller is 
relatively far away from the forward perpendicular), while for a 
shorter ship (again relative to beam and draft) with larger 
propeller (T0Z) this ratio will be lower. 
 
Figure 7.4 the lateral force at the forward perpendicular without an active 
propeller action (0 rpm) plotted for the same test with active propeller 
action (according to self-propulsion in open water) 
For a limited amount of tests the lateral force at the forward 
perpendicular YF (Figure 7.4) with a propeller rate according to 
open water self-propulsion is plotted to the same test conditions 
but with a fixed propeller set to zero rpm. 
The ratio between both plotted lateral forces YF in Figure 7.4 
indicates the influence of the propeller actions on YF. If this ratio is 
close to 1 (or the data points located close to the bisector) then 
the influence of the propeller on YF is very small or non-existent. 
For ship model B01 (with a 
௅௣௣஽ ൌ ͸Ͳ ) there seems to be no 
difference at all between the results for YF obtained with and 
without active propeller action. 
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Ship model T0Z (with 
௅௣௣஽ ൌ ͵ʹ) has its propeller relatively close to 
the forward perpendicular. This is also seen in the significant 
increase of the lateral force YF when the propeller runs compared 
to the same lateral force YF with a fixed propeller (0 rpm). 
7.1.2.2 Equivalent velocity 
For reasons of consistency the proposed mathematical model will 
always take into account the influence of the propeller action on 
the lateral force at the forward perpendicular YF. Similar as for the 
lateral force at the aft perpendicular YA this influence will be 
implemented by partially increasing the forward speed of the 
vessel with the velocity VT (Section 6.1.3). 
 ࢂࢀ ൌ ࢙࢏ࢍ࢔ሺࢀሻඨ ȁࢀȁ૚૛࣋࣊ࡰ૛૝  (7.1) 
 ࢂࢋࢗ ൌ ࢂ ൅ ࣈࢂࢀࡲࢂࢀ (7.2) 
The coefficient ξVTF for the model YF will always be smaller than 
ξVTA in the model for YA of the same ship. This is because the 
much lower influence of the propeller actions on the lateral force 
at the forward perpendicular YF compared to the same influence 
on the lateral force at the aft perpendicular YA. 
For ship model B01 the coefficient ξVTF will be zero (or very close 
to zero) as the absence of propeller influence is shown in Figure 
7.4. 
  
LATERAL FORCE AT THE FORWARD PERPENDICULAR 7.2 Lateral position 
175 
7.2 Lateral position 
7.2.1 Distance to bank d2b 
The distance between the ship and bank will change the 
magnitude of the lateral force at the forward perpendicular. 
Overall the closer the ship sails to a bank, the larger the 
magnitude of the force YF will be. This is very similar as for the 
lateral force at the aft perpendicular YA. In previous Chapter 6 the 
non-dimensional ship-bank distance d2b is proposed. Different 
from other authors this ship-bank distance d2b takes into account 
all properties of the entire bank geometry. The magnitude of the 
attraction force at the aft perpendicular was found to be 
proportional to the inverse of this d2b. 
 
Figure 7.5 the force YF for ship model C0P at all lateral positions and 
banks tested with a water depth h=2.0 T 
First the relation between the same non-dimensional distance to 
bank d2b and the lateral force at the fore perpendicular YF is 
checked. In Figure 7.5 the force YF is plotted to d2b-1 for ship 
model C0P at four different forward speeds with fixed propeller 
shaft (0 rpm) and at all different lateral positions sailing along all 
the banks tested with this ship model (QY_0_4.400_4, 
SP_1_4.200_3, SP_3_4.200_1 and SP_4_4.400_0) in a water depth 
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of twice the ship models’ draft at rest. A very good correlation is 
found.  
 ࢅࡲ ן ࢊ૛࢈ି૚ (7.3) 
Remark that the d2b in Figure 7.5 is calculated with the two 
coefficients ξy and ξz, both coefficients having been calculated 
based upon a regression with the lateral force at the aft 
perpendicular. This rather surprisingly good correlation with these 
coefficients gives the opportunity for a mathematical model with 
the same coefficients ξy and ξz for each ship’s loading condition 
(and as a consequence the same value for d2b) for both the lateral 
force at the fore and at the aft perpendicular. 
Thus, a set of coefficients ξy and ξz can be calculated for the 
lateral force at the aft and forward perpendicular separately based 
upon each force or only one set for ξy and ξz for both lateral 
forces which is based upon both lateral forces. 
7.2.2 Boundary layer 
When sailing very close to a vertical wall the magnitude of the 
lateral force at the aft perpendicular appears not to increase any 
longer when sailing closer to the wall. This was ascribed to the 
influence of the (viscous) boundary layer on the ship. This same 
behaviour was not or almost not observed at the forward 
perpendicular. 
The boundary layer develops from the bow towards the stern 
section (for a forward sailing ship). This boundary layer becomes 
thicker (the more) towards the aft part of the ship. At the first half 
of the ship (model) the boundary layer is much less developed and 
thinner than at the aft part of the ship. As a consequence the 
boundary layer thickness influence will also be much thinner at the 
forward half of the ship than at the aft part of the ship. This is the 
reason why the influence of the boundary layer on the behaviour 
of the lateral force at the forward perpendicular YF is absent or 
only very minor. 
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ࢾ࢞ ൌ ૙Ǥ૚૟ξࡾࢋૠ  (7.4) 
 
ࢾ࢞ ൌ ૞Ǥ૙ξࡾࢋ (7.5) 
Equations 7.4 and 7.5 give the ratio between the boundary layer 
thickness δ and x, the distance from the most forward part of the 
submerged hull. Equation 7.4 is for a turbulent flow (Re>106) and 
equation 7.5 the relative thickness for a laminar flow. A laminar 
flow can be expected at the initial first section of the ship model, 
this flow will become turbulent further towards the stern of the 
model. For all the tests carried out at FHR under consideration 
none of the models was equipped with turbulence stimulation 
strips or other device to stimulate the flow to be turbulent. 
 
Figure 7.6 EFD for T0Z with h/T = 1.10, 8 knots full scale in cross section 
QY_0_3.865_0 
The lateral force at the forward perpendicular YF measured during 
six model tests in a rectangular cross section are depicted in 
Figure 7.6. Different from the lateral force at the aft perpendicular, 
the magnitude for YF keeps on increasing the closer the ship 
model is towed along the vertical bank. 
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7.3 Water depth 
In Figure 7.7 the lateral force at the forward perpendicular is 
plotted for three different water depths. These tests are carried 
out with ship model C0U at 8 knots full scale (scale 80.8), 
propeller rate 360 rpm along bank SS_5_4.030_.120_7.00 with the 
ship’s side at the toe of the sloped part of the semi submerged 
bank. The attraction force YF increases, as expected, from deeper 
water ቀ௛் ൌ ʹǤͲቁ to shallow water ቀ௛் ൌ ͳǤ͵ͷቁ  but from this shallow 
water to very shallow water ቀ௛் ൌ ͳǤͳͲቁ  the attraction force YF 
changes sign and becomes a repulsion force. The magnitude of 
the repulsion force is about ten times the magnitude of the 
attraction force at 
௛் ൌ ͳǤ͵ͷ 
 
Figure 7.7 YF for three water depths C0U at 8 knots, propeller rate 
360 rpm, bank SS_5_4.030_.120_7.00; <0 is a repulsion force; >0 
attraction towards the bank 
Based upon all the model tests, the lateral force at the forward 
perpendicular changes sign when all except the water depth 
remains the same. In deeper water 
௛் ൐ ͳǤͷ  there is always 
attraction or the lateral force YF is directed towards the closest 
bank. 
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7.3.1 Relation to YA  
 
Figure 7.8 the force YF plotted to the force YA for C0P, n=0 rpm, h/T =2.0 
In even deeper water 
௛் ൒ ʹ the ratio between the attraction force at 
the forward perpendicular YF and the attraction force at the aft 
perpendicular YA is about constant (Figure 7.8). This indicates that 
the same formula 6.87 as suggested for YA can be used with 
different values for the coefficients. (Actually there is a minimal 
need for different values for the coefficient ξρ). 
 ࢅࡲሺࢎவ૛ࢀሻ ൌ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯ (7.6) 
In more shallow water (
௛் ൌ ͳǤ͵ͷ) the relation between the lateral 
force at the fore and at the aft perpendicular becomes a lot more 
messy (Figure 7.9). Attraction forces ிܻ ൐ Ͳ and (bigger) repulsion 
forces ிܻ ൏ Ͳ  at the forward perpendicular are observed at this 
water depth. 
The close relation with the attraction force at the aft perpendicular 
is lost. Therefore the same formulation for YF as for YA can no 
longer be used. The model will be extended to be able to cope 
with the changing sign of the lateral force at the forward 
perpendicular. 
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Figure 7.9 the force YF plotted to the force YA for C0P, n=0 rpm, h/T = 
1.35 
In even more shallow water the force at the forward perpendicular 
YF flipped sign compared to the deep water case and (almost) 
always is a repulsion force (Figure 7.10). The correlation with the 
force at the aft perpendicular seems to be entirely lost. 
 
Figure 7.10 the force YF plotted to the force YA for C0P, n=0 rpm, 
h/T = 1.10 
The overall behaviour of the sign of the lateral force at the forward 
perpendicular YF is summarized in Figure 7.11. 
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Figure 7.11 three regions of behaviour of the lateral force at the forward 
perpendicular induced by the proximity of a bank. 
 
7.3.2 Under keel clearance 
Systematic model tests in the FHR towing tank (without additional 
banks) have been carried out with ship model A01 for a wide 
range of water depths. In Figure 7.12 the lateral force at the 
forward perpendicular YF is plotted to the ratio 
்௛ି்  (deep to 
shallow water is directed from left to right). 
 
Figure 7.12 lateral force at the forward perpendicular for a wide range of 
water depths (here expressed as the ratio 
ࢀࢎିࢀ) for ship model A01, in the 
FHR towing tank at lateral position y = 2.5m, according to 10 knots full 
scale, fixed propeller shaft 0 rpm 
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In this Figure 7.12 a positive YF value indicates an attraction force 
towards the closest bank (
௛் ൐ ͳǤͷ or ்௛ି் ൏ ʹ). For more shallow 
water (
௛் ൏ ͳǤͷ ்௛ି் ൐ ʹ ) the lateral force at the forward 
perpendicular YF is directed away from the closest bank (or a 
repulsion force). The more shallow the water, the larger the 
magnitude of the repulsion force YF. The magnitude of the 
repulsion force in very shallow water is a multiple of the attraction 
force in deep water.  
In Figure 7.13 the forward speeds according to 6, 8 and 12 knots 
full scale are added to the 10 knots of Figure 7.12 but plotted to 
the ratio 
௛்
. The increase in magnitude of the repulsion forces at 
higher speeds and more shallow water is clearly visible. 
 
Figure 7.13 ship model A01, n=0 rpm; forces at the forward 
perpendicular for a wide range of water depths. The positive attraction 
force in deeper water can be modelled with the model as presented for 
YA. 
In Figure 7.8 the correlation with the attraction force at the aft 
perpendicular and the forward perpendicular in deep water is 
shown. Therefore the proposed mathematical model for the lateral 
force at the aft perpendicular can be used (with different values for 
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the coefficients) for the attraction force at the forward 
perpendicular in deep water ிܻሺ௛வଶ்ሻ (equation 7.6). 
 
Figure 7.14 
ࢅࡲࢤࢀ࢛࢓ሺࢂሻ for the model tests with A01 along bank 
QY_0_7.00_0 at a lateral position y=2.500m with a fixed propeller shaft 
plotted to ࡲ࢘૛ ቀ ࢀࢎିࢀቁ૛ 
The lateral force at the forward perpendicular YF is divided by the 
dimensionless Tuck number Tum (that takes into account the 
blockage of the fairway under consideration) and plotted on the 
ordinate of Figure 7.14. The abscissa of the same figure contains 
the square of the product of the Froude number ൬ܨݎ ൌ ௏ඥ௚Ǥ௅௣௣൰ and 
the draft to keel clearance ratio 
்௛ି். The ratio of the lateral force at 
the forward perpendicular and the Tuck number Tum is about 
proportional (with a constant shift) to (Equation 7.7): 
 
ࢅࡲࢀ࢛࢓ ן ࡲ࢘૛ ቀ ࢀࢎିࢀቁ૛ (7.7) 
This abscissa is a type of cross term between the forward speed of 
the vessel and the relative water depth. 
Because of the much larger magnitude of the repulsion force in 
very shallow water compared to the attraction force in deep water, 
Figure 7.14 hides the conclusion that the force YF acts 
proportional to YA in deep water. 
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7.4 Mathematical model for YF  
7.4.1 In deep water h>2T 
In deep water (h>2T) the lateral force at the forward perpendicular 
can be modelled according to the formula which has the same 
composition as the lateral force at the aft perpendicular YA (out of 
the influence of the boundary layer): 
 ࢅࡲሺࢎவ૛ࢀሻ ൌ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯ (7.8) 
The same coefficients ξy and ξz as for YA could be used but new 
coefficients ξρ and ξVTF must be derived from dedicated EFD. 
7.4.2 In (very) shallow water h<1.25T 
In (very) shallow water ሺ݄ ൏ ͳǤʹͷܶሻ  the (shifted) linearity with ܨݎଶ ቀ ்௛ି்ቁଶ must be implemented: 
 
ࢅࡲሺࢎಬ૚Ǥ૛૞ࢀሻࢀ࢛࢓൫ࢂࢋࢗ൯ ן ࣈ࢙ࢎ࢏ࢌ࢚ ൅ ࡲ࢘૛ ቀ ࢀࢎିࢀቁ૛ (7.9) 
The ratio 
்௛ି் goes to infinity when the water depth h is as low as 
the draft: 
 ࢒࢏࢓ࢎ՜ࢀ ቀ ࢀࢎିࢀቁ ൌ λ (7.10) 
This is both physically and practically not desired. This would 
result in enormous lateral forces in very shallow water in the ship 
manoeuvring simulator. The magnitude of the lateral force at the 
forward perpendicular will not be infinitely large in extreme 
shallow water. Similar as for the lateral force at the aft 
perpendicular the boundary layer on both ship and bottom will 
temper this steep increase in magnitude. 
At the forward half of the ship the boundary layer will be (much) 
thinner than on the aft half of the ship’s surface because of the 
lower local Reynolds number (Figure 7.15). 
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Figure 7.15 Reynolds number along the hull for ship model A01 at model 
scale according to 8 knots full scale 
This thinner boundary layer will also result in a thinner boundary 
layer influence thickness compared to the lateral force at the aft 
perpendicular. The same formula as equation 6.28 is used but the 
distance between the perpendiculars is replaced by half the 
distance between the perpendiculars in both the calculation for the 
Reynolds number and δBLI,F. The influence of the propeller on the 
boundary layer at the forward half of the ship is also neglected. 
This results in a new Equation 7.11 
 ࢾ࡮ࡸࡵǡࡲ ן ࡸ࢖࢖૛ ૚ටࡾࢋ૛ૠ  ࢀࢎ ૛ࢂࢂ ൎ ૙Ǥ ૢ ࡸ࢖࢖ξࡾࢋૠ  ࢀࢎ (7.11) 
Similar as at the aft perpendicular the influence of the boundary 
layer on the mathematical model is taken into account by 
decreasing the magnitude with the ratio of the penetration into 
the boundary layer influence ൫݄௦௛௜௣ െ ܶ െ ݖ௏ி൯ and the thickness of 
the boundary layer influence δBLI,F. 
7.4.3 Transition from deep to (very) 
shallow water 
An analytical formulation is sought for, and found, to cope with 
the different mathematical model for YF in deep water (h>2T), 
shallow water (h<1.25T) and all water depths in between 
(1.25 T<h<2 T). Therefore a simplified solution for a hyperbolic 
function (derived in Appendix 11.6) is shown and equation 7.12. 
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Actually this (half) of a hyperbolic function is simplified to two half 
lines with a common initial point. 
 ࢌሺ࢞ሻ ൌ ૚ െ ȁ࢞ି࢞૚ȁାሺ࢞ି࢞૚ሻ૛࢙࢒࢕࢖ࢋ  (7.12) 
If the abscissa x in equation 7.12 is changed into ࡲ࢘૛ ቀ ࢀࢎିࢀቁ૛ and 
the constants ߦ௛ and ߦ௛் added then equation 7.13 is obtained: 
 ࢌ ൬ࡲ࢘૛ ቀ ࢀࢎିࢀቁ૛൰ ൌ ૚ െ ࡲ࢘૛  ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ାฬ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ฬ૛ࣈࢎ૛  (7.13) 
The coefficients ߦ௛  and ߦ௛்  are always positive ( ߦ௛ ǡ ߦ௛் ൐ Ͳሻ . The 
coefficient ߦ௛ controls the slope of the decreasing part of the two 
half lines. The larger this coefficient the steeper the slope will be 
for the same Froude number Fr. The coefficient ߦ௛்  marks the 
boundary of the water depth when the model for YF is similar to 
the lateral force at the aft perpendicular YA and without added 
influence of the water depth (Figure 7.16). 
 
Figure 7.16 water depth and forward speed change between attraction 
and repulsion at the forward perpendicular with three Froude numbers 
Fr1 < Fr2 < Fr3 
Remark that there is no influence of the propeller action on the 
sloped section (
୘௛ି் ൐ ߦ௛்) plotted in Figure 7.16 
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7.4.4 Unlimited water depth range 
Now the mathematical model for YF over the entire water depth 
range is: ࢅࡲ ൌ
ۖەۖ۔
ۓ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯ ൭૚ െ ࡲ࢘૛ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ାฬ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ฬ૛ࣈࢎ૛ ൱ ࢎ࢙ࢎ࢏࢖ െ࡯ࡹࢀെࢠࢂࡲ ൒ ࢾ࡮ࡸࡵǡࡲࢎ࢙ࢎ࢏࢖െ࡯ࡹࢀെࢠࢂࡲࢾ࡮ࡸࡵǡࡲ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯ ൭૚ െ ࡲ࢘૛ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ାฬ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ฬ૛ࣈࢎ૛ ൱ ࢎ࢙ࢎ࢏࢖ െ࡯ࡹࢀെ ࢠࢂࡲ ൏ ࢾ࡮ࡸࡵǡࡲ (7.14) 
If 
ࢀࢎିࢀ ൏ ࣈࢎࢀ  (mainly deeper water) then the lateral force at the 
forward perpendicular is proportional to YA. While in more shallow 
water the attraction force first decreases, changes sign and finally 
becomes a repulsion force away from the closest bank (out of the 
boundary layer influence thickness): 
 ࢅࡲ ൌ ቐ ࢀࢎିࢀ ൑ ࣈࢎࢀ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯ࢀࢎିࢀ ൐ ࣈࢎࢀ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯ቀ૚ െ ࡲ࢘૛ࣈࢎ૛ ቀ ࢀ૛ሺࢎିࢀሻ૛ െ ࣈࢎࢀ૛ቁቁ(7.15) 
The sign of the force changes (or an attraction force at the forward 
perpendicular becomes a repulsion force) when ࡲ࢘૛ ቀ ࢀࢎషࢀቁ૛ିࣈࢎࢀ૛ࣈࢎ૛ ൌ ૚, 
actually the lateral force at the forward perpendicular YF is zero or 
absent in this specific condition. Equation 7.16 shows the draft to 
under keel clearance ratio when YF of the mathematical model 
always equals zero (Appendix 11.7): 
 
ࢀࢎିࢀ ൌ ටࣈࢎ૛ࡲ࢘૛ ൅ ࣈࢎࢀ૛ (7.16) 
When YF equals zero there will still be a lateral force at the aft 
perpendicular YA directed towards the closest bank (attraction). 
The absence of YF and the attraction force YA will act on the vessel 
as the combination of an overall attraction force in combination 
with a bow-away moment. In very shallow water the magnitude of 
the lateral repulsion force at the forward perpendicular will be 
larger than the attraction force at the aft perpendicular. In this 
situation the overall lateral force will result in a repulsion away 
from the closest bank and this will be combined with a (larger) 
bow away moment. 
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7.5 Correlation with running 
sinkage 
 
Figure 7.17 running sinkages and lateral force at the fore for ship model 
C0P in cross section SP_3_4.200_1 according to 10 knots full scale at 
propeller rate 402 rpm and relative water depth h/T=1.35 
As in Figure 6.52 the running sinkages at the fore and aft are 
plotted with the lateral force, here YF. Around the water depth of 
1.35T (as in Figure 7.17) the sign of the lateral force at the fore 
changes. Because of this changing sign, the correlation between 
the running sinkage at the fore (with a magnitude systematically 
increasing with a decreasing distance between ship and bank) and 
the lateral force at the fore YF are not as high as is the case for YA 
and zVA (Figure 6.53). 
 
Figure 7.18 running sinkage at the fore plotted to the lateral force at the 
fore for the same conditions as in Figure 7.17 
<0 >0 
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7.6 Conclusions 
In the present chapter, it is justified that the magnitude of the 
lateral force at the forward perpendicular is 
considered/formulated as proportional to the inverse of the 
distance to bank d2b-1 (as explained in Chapter 6 for the lateral 
force at the aft perpendicular).  
Again an equivalent velocity is proposed to cope with both the 
forward speed and the propeller action. 
 ࢂࢋࢗ ൌ ࢂ ൅ ࣈࢂࢀǡࡲࢂࢀ (7.17) 
The influence of the propeller action on the lateral force at the 
forward perpendicular YF is much less compared to the influence 
on the force YA. For some narrow and long ship types this 
influence is even absent. For reasons of consistency the 
formulation for the equivalent speed remains the same but for 
some ship types the coefficient ξVT,F tends to zero. 
There is no or almost no influence on the lateral force at the fore 
perpendicular YF of the boundary layer. This is because the 
boundary layer is not or only partially developed at the first half of 
the ship and this boundary layer is significantly thinner than at the 
second half, hence the important influence on YA (and much less 
or not on YF). 
The water depth has a major impact on the force YF. In very deep 
water there is always attraction towards the closest bank while in 
very shallow water a repulsion force away from the closest bank is 
consistent. In between, the force can have both directions and 
therefore a relative water depth and Froude number dependent 
half line combination is introduced ݂ ൬ܨݎଶ ቀ ்௛ି்ቁଶ൰. A positive value 
indicates an attraction force, a negative value a repulsion away 
from the closest bank. 
 ࢌ ൬ࡲ࢘૛ ቀ ࢀࢎିࢀቁ૛൰ ൌ ૚ െ ࡲ࢘૛ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ାฬ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ฬ૛ࣈࢎ૛  (7.18) 
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The lateral force at the forward perpendicular induced by bank 
effects can be mathematically modelled as: ࢅࡲ ൌ
ۖەۖ۔
ۓ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯൭૚ െ ࡲ࢘૛ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ାฬ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ฬ૛ࣈࢎ૛ ൱ ࢎ࢙ࢎ࢏࢖ െ࡯ࡹࢀെ ࢠࢂࡲ ൒ ࢾ࡮ࡸࡵǡࡲࢎ࢙ࢎ࢏࢖െ࡯ࡹࢀെࢠࢂࡲࢾ࡮ࡸࡵ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯൭૚ െ ࡲ࢘૛ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ାฬ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ฬ૛ࣈࢎ૛ ൱ ࢎ࢙ࢎ࢏࢖ െ࡯ࡹࢀെ ࢠࢂࡲ ൏ ࢾ࡮ࡸࡵǡࡲ
  (7.19) 
This formulation consists of six independent coefficients ൫ߦఘ ߦ௬ߦ௭ߦ௏்ǡி ߦ௛் ߦ௛൯ of which two ൫ߦ௬ߦ௭൯ can be taken identical with 
the mathematical model for YA for the same ship at the same 
initial draft. 
In Figure 7.19 the lateral force at the fore YF derived from EFD is 
plotted to its corresponding result from Equation 7.19. A decent 
but modest correlation coefficient (R²=0.87) is found. This rather 
modest correlation is ascribed to the sensibility of the lateral force 
at the fore perpendicular to the water depths. The transition zone 
from a repulsion force to an attraction force (between h/T 1.25 
and 1.50, Figure 7.11) results in some uncertainty to the model. 
 
Figure 7.19 the lateral force YF for ship model C0U (at a draft of 0.180m) 
plotted to the result from the mathematical model (all speeds, propeller 
rates, banks, lateral positions)  
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In Figure 7.20 only the deep water (h/T>1.8) tests are plotted. A 
much larger correlation (R²=0.95) is observed since the lateral 
force at the fore is in this deeper water always an attraction force. 
 
Figure 7.20 the lateral force YF for ship model C0U plotted to the result 
from the mathematical model (only deep water, #643 model tests) 
  
Experiment Based Mathematical Modelling of Ship-Bank Interaction 
192 
Bank Effects 
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8 LONGITUDINAL BANK FORCE 
The longitudinal bank force XBANK is formulated based upon the 
superposition principle which is used in the mathematical models 
of the ship manoeuvring simulators at FHR. This means that the 
overall longitudinal force X can be split into a set of components 
based upon different influence factors separately. For each 
component (or influence factor) a mathematical model is 
formulated without interference of the other influences (no cross 
terms). Three types of influences (each composed of different 




The overall longitudinal force is the summation of all the separate, 
independent influences: 
 ࢄ ൌ ࢄࡿࡴࡵࡼ ൅ ࢄࡱࡺࢂࡵࡾࡻࡺࡹࡱࡺࢀ ൅ ࢄࡹࡻࢂࡵࡺࡳ (8.1) 
Ship: 
These are the longitudinal forces based on properties of the ship: 
 ࢄࡿࡴࡵࡼ ൌ ࢄࡴ ൅ ࢄࡼ ൅ ࢄࡾ ൅ ࢄ࡭ࡺ࡯ࡴ ൅ ࢄࡹࡻࡻࡾ (8.2) ୌ Hull (resistance) at a specific water depth 
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୔ Propeller (including the thrust TP of main 
propeller(s), bow and stern thrusters as well as the thrust 
deduction factor t) ୖ Rudder (main rudder(s), bow rudder) ୅୒େୌ Anchor (when deployed the longitudinal part of the 
anchor force) ୑୓୓ୖ Mooring lines (when applicable the longitudinal 
forces of all the mooring equipment) 
Environment: 
The influence of the sailing area and environmental circumstances 
on the longitudinal force X: 
 ࢄࡱࡺࢂࡵࡾࡻࡺࡹࡱࡺࢀ ൌ ࢄ࡮࡭ࡺࡷ ൅ ࢄࢃࡵࡺࡰ ൅ ࢄ࡯ࡻࡸ ൅ ࢄࢃ࡭ࢂࡱ ൅ ࢄࡾࡱࢀ ൅ ࢄ࡯ࢁࡾ (8.3) ୆୅୒୏ Bank effects ୛୍୒ୈ Wind effects େ୓୐ Collision force (physical contact with an obstruction 
such as bottom, quay wall, lock,…) ୛୅୚୉ Wave (added resistance because of the sea state) ୖ୉୘ Retardation (time dependent forces when entering 
or leaving a lock or other watery cul-de-sac ) େ୙ୖ Current 
Moving targets: 
The ship under consideration also interacts with moving targets 
such as other vessels nearby or the tug boats attached to the 
vessel. 
 ࢄࡹࡻࢂࡵࡺࡳ ൌ ࢄࡿࢀࡿ ൅ ࢄࢀࢁࡳ (8.4) ୗ୘ୗ Interaction with other vessels ୘୙ୋ Tug 
Now not the entire longitudinal force X (with all its components) is 
modelled but only the influence of the banks on the force directed 
along the longitudinal axis of the vessel: XBANK. The superposition 
principle for the overall longitudinal force X is accepted (and as a 
consequence the presence of cross terms neglected). 
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8.1 Limits to the model tests 
8.1.1 Extracting XBANK  
Three different types of longitudinal forces are measured during 
the model tests (see also Chapter 4): 
the overall longitudinal force X (measured between ship 
model and carriage)  
the thrust TP delivered by the propeller(s), measured on the 
propeller shaft(s). 
the force XR on the rudder directed in the longitudinal 
direction of the vessel. If the rudder angle δ is set to zero 
then: 
 ࢄࡾሺࢾ ൌ ૙ሻ ൌ ࡲࢀࡾ (8.5) 
As a consequence the longitudinal force XBANK must be derived 
from these three measured longitudinal forces X, XR and TP. In 
equation 8.6 these three longitudinal forces are combined in one 
equation (with t the thrust deduction): 
 ࢄ ൌ ࢄࡴ ൅ ሺ૚ െ ࢚ሻࢀࡼ ൅ ࢄࡾ ൅ ࢄ࡮࡭ࡺࡷ (8.6) 
The open water resistance ROW (< 0) of the vessel is the 
summation of the longitudinal force of the hull and the 
longitudinal forces on the appendages (in the present case the 
longitudinal force of the rudder): 
 ࡾࡻࢃ ൌ ࢄࡴ ൅ ࡲࢀࡾ (8.7) 
 ࢄ ൌ ࡾࡻࢃ ൅ ሺ૚ െ ࢚ሻࢀࡼ ൅ ࢄ࡮࡭ࡺࡷ (8.8) 
Or the component of the bank effects directed in the longitudinal 
direction can be decomposed as: 
 ࢄ࡮࡭ࡺࡷ ൌ ࢄ െ ሺࡾࡻࢃ ൅ ሺ૚ െ ࢚ሻࢀࡼሻ (8.9) 
Equation 8.9 is a simplification of reality since the presence of a 
bank very close to the rudder and propeller will have an influence 
on both FTR as well as TP. Furthermore, the propeller-hull 
interaction through the thrust deduction factor t can also be 
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expected to be influenced by the surrounding bathymetry. For 
reasons of simplicity all these influences are neglected and only 
the overall longitudinally directed bank effects are modelled. 
Most ship models are tested in open water to define the self-
propulsion point (equilibrium between propeller rate and forward 
speed). At self-propulsion in open water (absence of bank effects, 
presence of shallow water) the overall longitudinal force X is zero 
by definition: 
 ࢄ࢙ࢋ࢒ࢌି࢖࢘࢕࢖ ൌ ૙ ൌ ࡾࡻࢃ ൅ ሺ૚ െ ࢚ሻࢀࡼ (8.10) 
The longitudinal hull force XH and thrust deduction t are derived 
from dedicated model tests (ITTC 2002) carried out in the towing 
tank at different water depths without banks installed. The 
propeller rate for self-propulsion is sought for during these tests. 
As such, for each forward speed a propeller rate is defined so the 
delivered thrust on the propeller shaft TP results in the absence of 
a longitudinal force (X=0) between the ship model and the 
carriage of the towing tank. 
Model tests are carried out at different forward speeds with the 
same ship model along installed banks in the towing tank. These 
tests are (among others) carried out at propeller rates that match 
to the corresponding open water self-propulsion point (same 
forward speed). When sailing in the confined cross sections at 
these forward speed and propeller rate combination, the measured 
longitudinal force X is no longer absent but a negative force or 
added resistance is measured. This longitudinal force is based 
upon previous simplifications assumed to be the longitudinal bank 
effect XBANK sought for: 
 ࢄ࡮࡭ࡺࡷ ൌ ࢄ െ ሺࡾࡻࢃ ൅ ሺ૚ െ ࢚ሻࢀࡼሻ ൌ ࢄ (8.11) 
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8.1.2 Scaling 
The longitudinal force is scaled from model scale to full scale 
according to (ITTC 2008). This includes a part of the longitudinal 
force to be scaled according to Froude’s law and a part scaled 
according to the Reynolds’s law. The bank effects are mainly 
generated by inertial and gravitational forces and therefore the 
force XBANK will be scaled (entirely) to full scale according to 
Froude’s law. 
If a vessel would sail as close to the wall or bottom so the 
influence of the boundary layer comes into existence then the 
longitudinal bank effect XBANK will be influenced by the viscosity of 
the fluid. As a consequence of this is, the scaling to full scale must 
be partly done according to Reynolds’s law (the viscosity influence) 
and partly by Froude’s law (the inertial and gravitational influence). 
With the results from model tests available, this split cannot be 
made and therefore only model tests out of the influence of the 
boundary layer will be taken into account in the regression for 
XBANK. 
 
8.2 Velocity and water depth 
8.2.1 Forward speed 
The longitudinal force X measured during model tests with T0Z is 
plotted to its corresponding full scale speed in Figure 8.1. The 
propeller rate corresponds to self-propulsion in open water for 
each speed. The tests are carried out in cross section 
QY_0_3.865_0 with water depth h=1.5 T and at a lateral position 
from the centre line y=B. 
A more than linear increase of the magnitude for X with increasing 
forward speed is observed in Figure 8.1. As could be expected the 
faster the forward speed, the larger the increase of resistance 
because of the presence of banks. 
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Figure 8.1 the magnitude of the force X increases with increasing forward 
speed 
 
8.2.2 Water depth 
The same model tests as in Figure 8.1 are plotted together with 
similar model test conditions with a water depth to draft ratio of 
1.35 in Figure 8.2. The decreasing water depth results in an 
increasing resistance of the longitudinal force X (or if the previous 
assumption still stands XBANK). This increase in magnitude of the 
force X is more prominent the higher the forward speed. 
 
Figure 8.2 water depth to draft ratio plotted to the longitudinal force X 
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8.2.3 Adapted Tuck Tum(Veq) 
Similar as for the lateral forces at the fore and aft perpendiculars 
the longitudinal bank effect force XBANK appears to be proportional 
to the Tuck number Tum(Veq). 
 ࢄ࡮࡭ࡺࡷ ן ࢀ࢛࢓൫ࢂࢋࢗ൯ (8.12) 
This relation (8.12) cannot be visualised because the influence of 
the blockage meq (next section) cannot be entirely extracted from 
the plot. The blockage meq is not constant for the ten tests plotted 
in Figure 8.2 thus cannot be excluded in Figure 8.3 to support 
relation 8.12. In Figure 8.3 the correlation between the adapted 
Tuck number Tum and the longitudinal force XBANK is visualised and 
the value meq is added as a label to the data points. 
 
Figure 8.3 relation between adapted Tuck number Tum and  the 
longitudinal force for the same tests as in Figure 8.2 but with a variation 
of meq from 0.46 up to 0.54 (added as label to the data points) 
This Tuck number Tum(Veq) is calculated with the equivalent 
velocity as defined and derived in Chapter 6 with the lateral force 
at the aft perpendicular. The coefficient ξVTA is incorporated from 
the regression based on the lateral force at the aft perpendicular 
YA. 
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8.3 Lateral position and 
equivalent blockage meq  
8.3.1 Lateral position 
The behaviour of the force XBANK on the lateral position in a cross 
section is different from the lateral forces YA and YF. Sailing on the 
centre line of a symmetric cross section the forces YA and YF will 
be zero but the longitudinal force XBANK will not. At this symmetric 
position there will be influence of both banks on the longitudinal 
force of the vessel. Different from the lateral forces both banks 
will not counteract each other. Therefore the factor d2b is 
inadequate to take the lateral position of the vessel into account 
for XBANK. A new type of blockage ratio will be suggested. 
Figure 8.4 shows the influence of the lateral position on the 
longitudinal force XBANK. In this example the ship model T0Z is 
towed according to a velocity of 8 knots full scale in the 
rectangular cross section QY_0_3.865_0 with a water depth of 
1.50 T. The closer the ship sails to the bank the larger the 
magnitude of the negative force X with a non-zero value at y = 0. 
These tests are carried out at a propeller rate of 452 rpm which is 
according to self-propulsion in open water at this forward speed. 
The measured force X in Figure 8.4 is adopted as the longitudinal 
force of the bank effect XBANK. The negative sign of this force 
indicates an increase of resistance. 
 
Figure 8.4 influence of the lateral position on the longitudinal bank effect 
XBANK in the rectangular cross section QY_0_3.865_0 
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8.3.2 The equivalent blockage 
The (classic) blockage m indicates the amount of space a vessel 
utilizes in the entire cross section of a fairway. If a ship sails in 
unrestricted waters ሺߗ ൌ λሻ then the blockage m will be zero. If a 
ship is squeezed in a cradle with the form of the mould of the 
midship then m will have the theoretical peak value of 1. The 
blockage m (equation 5.10) does not change if the same vessel is 
located at a different position in the same cross section. To 
overcome this constraint, the equivalent blockage meq is 
introduced. Some conditions with this new equivalent blockage 
must be fulfilled beforehand; 
The equivalent blockage must take into account the area of 
the cross section Ω but also be sensible for the relative 
position of the ship in the cross section. 
Furthermore the equivalent blockage must be zero when 
sailing in unrestricted areas (similar to the ‘classic’ 
blockage m which will be zero in this situation) and have 
one as maximal value (in theory). 
The equivalent blockage meq takes into account the weight 
distribution w (and the integration χ) as expressed in Section 
6.3.3. The equivalent blockage is defined as (for all values ߯ ൐ Ͳ): 
 ࢓ࢋࢗ ൌ ࣑࢙ࢎ࢏࢖࣑࢙ା࣑࢖ െ ࣑࢙ࢎ࢏࢖࣑࢕ࢉࢋࢇ࢔ (8.13) 
The ratio 
஧౩౞౟౦஧౥ౙ౛౗౤ is subtracted from the ratio ஧౩౞౟౦஧౩ା஧౦ to have a zero meq 
when sailing in open and deep water. Both ɖୱ୦୧୮ and ɖ୭ୡୣୟ୬ can be 
calculated analytically and do not depend on the geometry or 
position in the cross section. 
 ࣑࢙ࢎ࢏࢖ ൌ ૛ ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ ቆ૚ െ ࢋି ࣈ࢟࡮૛࢟࢏࢔ࢌ࢒ቇ ൫૚ െ ࢋିࣈࢠ൯ (8.14) 
 ࣑࢕ࢉࢋࢇ࢔ ൌ ૛ ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ  (8.15) 
In deep and open water the equivalent blockage meq is zero. This 
is chosen as such to be consistent with the ‘classic blockage m’ 
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which also is zero in infinitely open waters. There are physical 
reasons to contradict this choice. In infinitely deep and wide water 
there will also be a return flow around the forward sailing vessel, 
this return flow will generate also an augmented resistance but it 
is important to be aware of the point of reference for the 
resistance. If the unrestricted water is the point of reference then 
the equivalent blockage must be zero. If the resistance with the 
return flow excluded is the point of reference, then the equivalent 
blockage does not tend to zero in unrestricted deep waters. It is 
chosen to force the equivalent blockage to zero in unrestricted 
deep waters since it is much more obvious to take the unrestricted 
water condition with return flow as a reference. 
The same equivalent blockage tends to 1 when the vessel is 
squeezed in the theoretical smallest section BT. These extreme are 
similar to the extreme of the ‘classic blockage’. 
 
Figure 8.5 relation between XBANK and the square of meq for the same tests 
as plotted in Figure 8.4 
Figure 8.5 shows the relation between the longitudinal force X and 
the square of meq for the same model tests as plotted in Figure 
8.4. If the (almost) linear relation between meq² and X is 
extrapolated to a meq=0 then a minor value for X is obtained. This 
shift is dedicated to errors induced in the assumption that 
X = XBANK and will be neglected during the regression to calculate 
the relevant coefficients. 
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8.4 Correlation with running 
sinkage 
For the running sinkage it is also hard to distinguish the impact of 
the banks from all other influences. Different from the lateral force 
and similar to the longitudinal force the influence of the banks on 
the sinkage will be non-zero when sailing on the centre line of a 
symmetric cross section. The overall tendency and behaviour of 
the longitudinal force and running sinkage are similar (Figure 8.6) 
 
Figure 8.6 running sinkages and longitudinal force X for ship model C0P 
in cross section SP_3_4.200_1 according to 10 knots full scale (propeller 
rate 0 rpm) and relative water depth h/T=1.35 
In Figure 8.7 the longitudinal force X is plotted to the three 
running sinkages for the same model tests as in Figure 8.6. 
 
Figure 8.7 running sinkages (zVF, zVM, zVA) and longitudinal force X for 
ship model C0P in cross section SP_3_4.200_1 according to 10 knots full 
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8.5 Mathematical model for XBANK 
and conclusions 
The product of the square of the equivalent blockage meq and the 
adapted Tuck number Tum are proportional to the longitudinal 
bank force: 
 ࢄ࡮࡭ࡺࡷ ן ࢓ࢋࢗ૛ ࢀ࢛࢓൫ࢂࢋࢗ൯ (8.16) 
The right hand side of equation 8.16 is multiplied with the 
displacement force Δ to introduce the dimension Newton and with 
ξρ to cope with the proportionality: 
 ࢄ࡮࡭ࡺࡷ ൌ ࣈ࣋ࢤ࢓ࢋࢗ૛ ࢀ࢛࢓൫ࢂࢋࢗ൯ (8.17) 
The longitudinal force X (assumed to be equal to XBANK) for all 
model tests with T0Z at a propeller rate according to self-
propulsion in open water and without influence of the boundary 
layer are plotted in Figure 8.8 (171 model tests). The relation 
between the modelled force and force derived from model tests is 
satisfying although some deviation is observed. Some reasons for 
this deviation are ascribed to the error introduced in defining the 
force XBANK. Since the mathematical model for XBANK runs on only 
one dedicated coefficient ξρ because the coefficient ξVTA is 
annexed from the lateral force YA. This model is therefore seen as 
a very robust mathematical model.  
 
Figure 8.8 the model for XBANK plotted to the force XBANK derived from 
model tests with  ship model T0Z 
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For reasons of consistency with Figures 6.55 and 7.20 the results 
for the mathematical model and from EFD are plotted for ship 
model C0U in Figure 8.9. 
 
Figure 8.9 the longitudinal force X for ship model C0U (at a forward speed 
according to 8 knots full scale) plotted to the result from the 
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9 CONCLUSIONS AND 
RECOMMENDATIONS 
The extensive research into publications on bank effects resulted 
in a broad insight in the phenomenon but also made the need for 
new model tests clear. Tests on bank effects were carried out and 
reported in the past but sometimes the ship models are outdated 
or the tests were not carried out along the bank geometries of 
interest for the Flemish harbours. 
Flanders Hydraulics Research carried out an enormous amount 
(+12 000) of model tests dedicated to bank effects in their shallow 
water towing tank. This data set was even extended with data 
acquired from a friendly institute. Together, these are the model 
tests for the foundation of the present mathematical model for 
bank effects. 
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9.1 Bank effects acting in the 
horizontal plane 
Only the forces acting in the horizontal plane (parallel to the free 
surface) are considered for the mathematical model for bank 
effects. These forces are commonly split in two forces, 
longitudinal XBANK and lateral directed YBANK, and a moment NBANK 
around the vertical axis. The present mathematical model, 
however, splits the bank effects of the horizontal plane in three 
forces: 
The longitudinal force XBANK 
The lateral force at the forward perpendicular YF 
The lateral force at the aft perpendicular YA 
It was decided to make use of this unconventional decomposition 
of the horizontal forces and moment because of the different 
behaviour in shallow water of the fore part compared to the aft 
part of the ship. With basic statics the yaw moment NBANK and 
overall lateral force YBANK can easily be derived from these two 
forces YF and YA. 
9.1.1 The longitudinal force XBANK 
The longitudinal force XBANK induced by the proximity of a bank or 
banks on a ship acts always on that ship as an additional 
resistance. The magnitude of this added resistance increases with 
an increasing forward speed of the ship. A propeller generating a 
positive thrust will increase the magnitude of the bank effects in 
the longitudinal ship direction (x). 
The interaction between the sailing area and the ship has the 
following impact on this resistance force: the more shallow and/or 
the more narrow the fairway, the larger this resistance. A more 
eccentric position of the ship in the cross section will also result in 
a larger magnitude of the longitudinal force XBANK. 
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9.1.2 The lateral force at the forward 
perpendicular YF  
The lateral force at the forward perpendicular YF in very deep 
water is always an attraction force pointed towards the closest 
bank. In very shallow water this force is directed away from the 
closest bank or a repulsion force. The lateral force in the sign 
changing region between deep and shallow water is dependent of 
the forward speed of the ship. 
The magnitude of the lateral force at the forward perpendicular YF, 
either an attraction or a repulsion force, will increase with the 
forward speed of the ship, or when the ship sails closer to the 
bank, or in a more confined cross section (with a larger blockage 
ratio). The propeller actions (located close to the aft perpendicular) 
have only a minor influence on this lateral force at the forward 
perpendicular.
9.1.3 The lateral force at the aft 
perpendicular YA 
At the aft perpendicular the lateral force YA is for all water depths 
an attraction force directed towards the closest bank. The 
attraction force at the aft perpendicular YA is always larger than 
the attraction force at the forward perpendicular YF (in deeper 
water). The combination of these two forces results in an overall 
attraction towards the closest bank in combination with a bow out 
moment away from the closest bank. In very shallow water the 
magnitude of the repulsion force at the forward perpendicular is 
sometimes larger than the attraction force at the aft 
perpendicular. Both forces will then result in an overall repulsion 
force away from the closest bank in combination with a (large) 
bow away moment. 
The faster the ship sails, the larger the attraction force at the aft 
perpendicular will be. This attraction force will also increase when 
the propeller is loaded more.  
A more narrow distance between ship and bank or keel and 
bottom will also result in a larger attraction YA. The same is true 
for a larger blockage ratio (more confined waters). 
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9.2 Mathematical model 
The previously described influences of the proximity of banks on a 
sailing ship are implemented in a mathematical model. This 
mathematical model consists out of different parameters which 
cope with specific environmental factors or ship properties. 
 
9.2.1 Parameters 
9.2.1.1 Propeller loading, speed, 
blockage ratio and water depth 
The loading of the propeller (thrust TP) is first transformed into a 
velocity VT (equation 9.1) and then this velocity is partially (ξVT,A, 
ξVT,F) added to the forward velocity of the ship V to result in the 
equivalent velocity Veq (equation 9.2). 
 ࢂࢀ ൌ ࢀࡼȁࢀࡼȁටૡȁࢀࡼȁ࣋࣊ࡰ૛ (9.1) 
 ࢂࢋࢗ ൌ ࢂ ൅ ࣈࢂࢀࢂࢀ (9.2) 
The equivalent velocity is used as input to calculate the Tuck 
number. Through the limited blockage ratio (mlim) this Tuck 
number Tum takes into account the decreased critical speed 
(Frcrit,lim) in more confined waters. 
 ࢓࢒࢏࢓ ൌ ࡭ࡹࢹ࢒࢏࢓ (9.3) 
 ࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓ ൌ ቀ૛ ࢙࢏࢔ ቀ࡭࢘ࢉ࢙࢏࢔ሺ૚ି࢓࢒࢏࢓ሻ૜ ቁቁ૜૛ (9.4) 
 ࢀ࢛࢓൫ࢂࢋࢗ൯ ൌ ൬ ࡲ࢘ࢎࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓൰૛ඨ૚ି൬ ࡲ࢘ࢎࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓൰૛ (9.5) 
The longitudinal force XBANK and both lateral forces YF and YA are 
proportional to the Tuck number calculated with equivalent 
forward speed Tum(Veq). 
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9.2.1.2 Lateral position 
The closer a ship sails to a bank, the larger the bank effects will 
be. A value indicating the distance between a ship and any random 
bank geometry which takes into account all the nuances of that 
geometry is needed. Therefore the weight distribution is 
introduced. The weight factor (w) is a value between 0 and 1 
(equation 9.6) to indicate the impact of the relative position on the 
bank effect. The largest value for w (= 1) is located at the 
intersection of the (undisturbed) free surface and the X-Z plane in 
the ship bound coordinate system. The weight factor is a value 
exponentially decreasing the further the point of consideration is 
away from the location of that peak point (Figure 9.1). 
 ࢝ ൌ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ (9.6) 
 
Figure 9.1 weight distribution w in a cross section with vertical wall and 
surface piercing bank 
The ‘weight’ χ is the integral over the area under consideration. 
This area (A) can be the ship (ship), the port (p) or starboard side (s) 
of the cross section or even an infinite large area at borders at 
infinity (ocean). The ‘weight’ is always a positive value. 
 ࣑ ൌ װ ࢝ࢊ࡭࡭  (9.7) 
The distance between ship and bank is mathematically modelled 
with the parameter d2b. The inverse of this value (d2b-1) is zero 
when sailing on the centre line of a symmetric cross section and 
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its magnitude can become very large when sailing very close to a 
bank. 
 ࢊ૛࢈ ൌ ૛࣑࢙ࢎ࢏࢖ ࣑࢖࣑࢙࣑࢖ି࣑࢙ (9.8) 
An equivalent blockage meq is introduced to take into account the 
bank geometry on the longitudinal force XBANK. The distance to 
bank d2b cannot be used since the inverse of this value is zero on 
the centre line of the cross section when the longitudinal bank 
effects are not. 
 ࢓ࢋࢗ ൌ ࣑࢙ࢎ࢏࢖࣑࢙ା࣑࢖ െ ࣑࢙ࢎ࢏࢖࣑࢕ࢉࢋࢇ࢔ (9.9) 
Unlike the ‘classic’ blockage ratio (m), the equivalent blockage 
(meq) is influenced by the relative position of the ship in the 
fairway, and is zero when sailing in deep and open water. 
9.2.1.3 Stretches of the model 
At a sufficient distance between ship and bank, bank effects do 
not occur. This distance is the influence width (yinfl) and is 
larger/greater in shallow water or if the ship sails faster. 
 ࢟࢏࢔ࢌ࢒ ൌ ࡮ሺ૞ࡲ࢘ࢎ ൅ ૞ሻ (9.10) 
The area of the cross section of the fairway (Ω) is virtually 
restricted by this influence width. Now the (classic) blockage ratio 
(m) will no longer be zero when sailing in a cross section open at 
one side. 
All bodies travelling through a (viscous) fluid will have a boundary 
layer attached to its wetted surface. Thus, this boundary layer will 
be present on both full scale ship as well as model scaled ship but 
the boundary layer will be relatively thicker at model scale than at 
full scale. This boundary layer will have a large influence on the 
(behaviour of the) bank effects when a ship sails at an extremely 
close distance to the boundaries of the cross section. Because of 
the return flow along the hull there will also be a boundary layer 
attached to the bank and/or the bottom. 
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The influence of the boundary layer observed on model scale 
cannot be scaled up to real life in the same manner as other forces 
are scaled up. Therefore the boundary layer thickness influence 
δBLI is introduced. This thickness calculates the minimal distance 
between hull and environment (bank or bottom) to avoid the 
influence of the boundary layer on bank effects. 
 ࢾ࡮ࡸࡵ ן ࡸ࢖࢖ξࡾࢋૠ  ࢀࢎ ሺࢂࢀା૛ࢂሻࢂ  (9.11) 
This thickness δBLI is relatively thicker on model scale than at full 
scale because of the different Reynolds number (present model 
tests are scaled according to Froude’s law). The regression 
software to determine the coefficients of the mathematical model 
did not take into account model tests with the ship model in the 
boundary layer thickness influence but the influence itself is 
implemented in the mathematical model. The boundary layer 
develops from the leading edge of the body (the bow of a forward 
sailing ship) towards the trailing edge (the stern section of a 
forward sailing ship). The boundary layer is thicker at the aft half 
of the hull than at the forward half and therefore the influence of 
the boundary layer is mainly observed on the lateral force at the 
aft perpendicular YA. The lateral attraction force at the aft 
perpendicular YA will decrease once the vessel gets more and more 
into the boundary layer thickness influence (δBLI). This value 
becomes zero when the gap between ship and bathymetry (bank 
or bottom) disappears. 
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9.2.2 Formulae 
The formulae given for the three forces in the horizontal plane 
induced by bank effects are valid for all water depths and bank 
geometries with sufficient length compared to the main 
dimensions of the ship (steady state condition). One set of 
coefficients (Table 9.1) is needed for each loading condition of 
each ship (type). 
9.2.2.1 XBANK  
The mathematical model of the longitudinal (added resistance) 
force induced by the presence of banks is modelled as follows: 
 ࢄ࡮࡭ࡺࡷ ൌ ࣈ࣋ࢤ࢓ࢋࢗ૛ ࢀ࢛࢓൫ࢂࢋࢗ൯ (9.12) 
The coefficients ξy and ξz to calculate the value meq (through c) are 
identical for all three forces (XBANK, YF and YA). The coefficient ξVT 
for the calculation of the equivalent velocity Veq is the same for 
this longitudinal force XBANK as it is for the lateral force at the aft 
perpendicular YA. The only unique coefficient left is ξρ.  
9.2.2.2 YF  
The lateral force at the forward perpendicular is proportional to 
the Tuck number (Tum(Veq)), the inverse of the distance to bank 
(d2b-1) and displacement force (Δ). The drastic influence of the 
relative water depth is implemented with a dimensional speed 
(Froude number Fr) and relative water depth (T/(h-T)) dependent 
function.  
ࢅࡲ ۖەۖ۔
ۓ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯൭૚ െ ࡲ࢘૛ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ାฬ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ฬ૛ࣈࢎ૛ ൱ ࢎ࢙ࢎ࢏࢖ െ ࡯ࡹࢀ െ ࢠࢂࡲ ൒ ࢾ࡮ࡸࡵǡࡲࢎ࢙ࢎ࢏࢖ି࡯ࡹࢀିࢠࢂࡲࢾ࡮ࡸࡵǡࡲ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯൭૚ െ ࡲ࢘૛ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ାฬ ࢀ૛ሺࢎషࢀሻ૛ିࣈࢎࢀ૛ฬ૛ࣈࢎ૛ ൱ ࢎ࢙ࢎ࢏࢖ െ ࡯ࡹࢀ െ ࢠࢂࡲ ൏ ࢾ࡮ࡸࡵǡࡲ
(9.13) 
In deep water the function ൭ͳ െ ܨݎଶ ೅మሺ೓ష೅ሻమିక೓೅మାฬ ೅మሺ೓ష೅ሻమିక೓೅మฬଶక೓మ ൱ 
equals 1, in very shallow water this function can have very low 
negative values and as a consequence the lateral force at the 
forward perpendicular will be a powerful repulsion force away 
from the closest bank. 
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9.2.2.3 YA  
The lateral force at the aft perpendicular will have a different 
behaviour when the distance between ship and bank or bottom is 
closer than the boundary layer influence thickness or not. At full 
scale this boundary layer thickness between ship and bank will 
only occur along vertical banks and even then only in very specific 
situations such as the sliding along an approach wall before a lock 
(Panama, Dunkerque). In the proposed mathematical model this is 
not incorporated. When the wall is not vertical then the boundary 
layer thickness can almost not be penetrated. 
 ࢅ࡭ ൌ ቐ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯ǡ ൫ࢎ࢙ࢎ࢏࢖ െ ࡯ࡹࢀ െ ࢠࢂ࡭൯ ൒ ࢾ࡮ࡸࡵǡ࡭ࢎ࢙ࢎ࢏࢖ି࡯ࡹࢀିࢠࢂ࡭ࢾ࡮ࡸࡵǡ࡭ ࣈ࣋ࢤࢊ૛࢈ି૚ࢀ࢛࢓൫ࢂࢋࢗ൯ǡ ൫ࢎ࢙ࢎ࢏࢖ െ ࡯ࡹࢀ െ ࢠࢂ࡭൯ ൏ ࢾ࡮ࡸࡵǡ࡭ (9.14) 
The distance between the deepest drafted section of the ship 
(running sinkage taken into account) and the bottom is not 
exceptionally smaller at full scale than the boundary layer 
thickness influence. Therefore the mathematical for YA is split in 
two parts whether the running under keel clearance (hship-T-zVA) is 
larger than δBLI or not. 
9.3 Practical implementation 
The proposed mathematical model for the (horizontal) bank 
effects (XBANK, YF and YA) runs on a set of nine unique coefficients 
(Table 9.1). These coefficients are identified with regression 
software provided with the results from model tests carried out in 
a towing tank. The overall longitudinal force XBANK, lateral force 
YBANK and yaw moment NBANK is requested by the ship manoeuvring 
simulator the following derivation can be made: 
 ࢅ࡮࡭ࡺࡷ ൌ ࢅࡲ ൅ ࢅ࡭ (9.15) 
 ࡺ࡮࡭ࡺࡷ ൌ ࡸ࢖࢖૛ ࢅࡲ െ ࡸ࢖࢖૛ ࢅ࡭ (9.16) 
For the calculation of the bank effects the largest impact and 
computer time for a ship manoeuvring simulator is the running 
calculation for the weight distributions χp and χs. Both are the 
results of a (discretised) integration of a major section of the cross 
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section. The bathymetry up to the free surface will also be 
necessary or a simplification (extrapolation) to the free surface will 
be necessary to be able to calculate both weight distributions 
correctly. 
 ξρ ξy ξz ξVT ξh ξhT 
YF ü 
ü ü 




XBANK ü - - 
Table 9.1 overview of the set of coefficients for one ship at one loading 
condition 
9.4 Future work 
No research is complete without some recommendation and 
suggestions for extra work. 
A dedicated set of model tests to be able to define all the 
coefficients of the model can be sought for. However, if the bank 
effects for one ship and bathymetry combination is requested then 
it will always be more accurate to test this specific situation in the 
towing tank and define the coefficients based upon these tests 
compared to using a kind of overall generic test program. 
The influence of the relative angle between the ship and bank can 
be investigated. The angle between both can originate from sailing 
at a drift angle with a heading parallel to the bank, with the ship 
hull parallel to the bank with the heading non-parallel or a 
combination of both. 
Time series and time dependencies of changing bank geometries 
(both rapid and gentle) are to be checked. 
The concept of the weight factor (and corresponding weight 
distribution χ) could be checked for the running sinkage (fore and 
aft). As such, the influence of the banks on the vertical sinkage 
and trim (or squat) could be incorporated (or updated) in the ship 
manoeuvring simulator. 
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When sailing very close to the bottom or bank the influence on 
appendices such as propeller(s) and rudder(s) are in present 
research neglected. In the extreme situation (moments before 
bank or bottom impact) the behaviour of rudder and propeller can 
be of importance. Therefore this can be investigated more closely. 
The impact of the boundary layer influence on shallow water 
hydrodynamics must be investigated more closely. It can be 
expected that this boundary layer influence in very shallow water 
is not restricted to bank effects but also acts on other elements of 
the manoeuvrability of a ship. 
The scaling from model scale to full scale of model tests carried 
out at very small distances between the ship model and other 
constructions (bottom, bank, specific installations) should be 
checked. This can be done by using computational fluid dynamics 
(CFD) or with geosim model tests. The latter is repeating the same 
model test but with ship models at a different scale of the same 
full scale ship. The ship models and environment (water depth, 
section width, bank geometry) are geometrical identical (but have 
different dimensions because of the different scales involved). As 
such, the influence of the boundary layer can be investigated more 
closely by comparing the results since the Froude number will be 
the same at all scales but the Reynolds number will not when 
carrying out model tests at a different scale. 
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11.2 Leonardo da Vinci’s 
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G French Institute (Paris 
Manuscripts) 
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11.3 Shifted cup locus 
Kelvin pattern 
 
Figure 11.1 top side view of shifted forward cup locus Kelvin pattern 
 
Figure 11.2 indication of the initiation of the shifted forward Kelvin 
pattern (vertical line) added to the wave registration at two lateral 
positions 
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11.4 Main dimensions towing 
tank FHR and bathymetry of 
the bottom after milling 
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11.5 Lines plans and 
hydrostatics of the ship 
models 
11.5.1 Ship model C0U 
 
Figure 11.3 container carrier (8 000 TEU) C0U linesplan, full scale 
Experiment Based Mathematical Modelling of Ship-Bank Interaction 
240 
    C0U T1200 C0U T1454 C0U Ttrim 
λ [] 1 80.8 1 80.8 1 80.8 
Lpp [m] 331.28 4.100 331.28 4.100 331.28 4.100 
LOA [m] 353.90 4.380 353.90 4.380 353.89 4.380 
B [m] 42.82 0.530 42.82 0.530 42.82 0.530 
TF [m] 12.00 0.1485 14.54 0.180 13.00 0.161 
TA [m] 12.00 0.1485 14.54 0.180 14.50 0.180 
TM [m] 12.00 0.1485 14.54 0.180 13.75 0.170 ׏ [m³] 108838 0.206 136718 0.259 128080 0.243 
CB [ ] 0.64 0.64 0.66 0.66 0.62 0.62 
CPR [ ] 0.65 0.65 0.67 0.67 0.67 0.67 
S [m²] 15708 2.406 17812 2.728 17211 2.636 
LCB % 0.167 0.167 -0.042 -0.042 -0.679 -0.679 
VCB [m] 6.475 0.080 7.863 0.097 8.184 0.101 
AW [m²] 10655 1.632 11350 1.738 11229 1.720 
CW [ ] 0.751 0.751 0.800 0.800 0.792 0.792 
LCF [m] 165.9 2.053 159.8 1.978 159.5 1.974 
CM [ ] 0.979 0.979 0.983 0.983 0.931 0.931 
KM [m] 18.74 0.232 18.53 0.229 19.33 0.239 
KML [m] 577.0 7.141 539.9 6.682 565.2 6.995 
Table 11.1 main hydrostatic properties at the three tested loading 
conditions for ship model C0U at model and full scale 
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11.5.2 Ship model C0P 
 
 
Figure 11.4 linesplan 12 000 
TEU container carrier C0P at full 
scale 
    C0P T1520 
λ [] 1 80 
Lpp [m] 348.00 4.350 
LOA [m] 369.17 4.615 
B [m] 48.80 0.610 
TF [m] 15.20 0.1900 
TA [m] 15.20 0.1900 
TM [m] 15.20 0.1900 ׏ [m³] 167817 0.328 
CB [ ] 0.65 0.65 
CPR [ ] 0.66 0.66 
S [m²] 21460 3.353 
LCB % -2.402 -2.402 
VCB [m] 8.501 0.106 
AW [m²] 14649 2.289 
CW [ ] 0.863 0.863 
LCF [m] 151.1 1.889 
CM [ ] 0.990 0.990 
KM [m] 23.91 0.299 
KML [m] 700.5 8.756 
Table 11.2 main hydrostatic 
properties for ship model C0P at 
model and full scale 
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11.5.3 Ship model G0M 
 
 
Figure 11.5 linesplan LNG-
tanker G0M at full scale 
    G0M T1100 
λ [] 1 70 
Lpp [m] 265.60 3.809 
LOA [m] 280.03 4.000 
B [m] 41.60 0.594 
TF [m] 11.00 0.1571 
TA [m] 11.00 0.1571 
TM [m] 11.00 0.1571 ׏ [m³] 93641 0.273 
CB [ ] 0.77 0.77 
CPR [ ] 0.78 0.78 
S [m²] 14133 2.884 
LCB % 0.472 0.472 
VCB [m] 5.802 0.083 
AW [m²] 9530.5 1.945 
CW [ ] 0.859 0.859 
LCF [m] 126.21 1.803 
CM [ ] 0.984 0.984 
KM [m] 18.84 0.269 
KML [m] 472.3 6.747 
Table 11.3 main hydrostatic 
properties for ship model G0M 
at model and full scale 
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11.5.4 Ship model T0Z 
 
 
Figure 11.6 linesplan of the Very 
Large Crude Carrier T0Z 
(KVLCC2) at full scale 
  
 
FS T0Z T208 
λ [] 1 75 
Lpp [m] 320.00 4.267 
LOA [m] 333.58 4.448 
B [m] 58.00 0.773 
TF [m] 20.80 0.277 
TA [m] 20.80 0.277 
TM [m] 20.80 0.277 ׏ [m³] 311378 0.738 
CB [ ] 0.81 0.81 
CPR [ ] 0.81 0.81 
S [m²] 27599 4.906 
LCB % 3.426 3.426 
VCB [m] 10.877 0.145 
AW [m²] 16673 2.964 
CW [ ] 0.898 0.898 
LCF [m] 160.22 2.136 
CM [ ] 0.998 0.998 
KM [m] 24.23 0.323 
KML [m] 396.9 5.292 
Table 11.4 main hydrostatic 
properties for ship model T0Z at 
model and full scale 
  
Experiment based mathematical modelling of ship - bank interaction 
244 
11.5.5 Ship model T0H 
 
 
Figure 11.7 linesplan of the 
British Bombardier tanker T0H at 
model scale 
    T0H T1780  
λ [] 1 75 
Lpp [m] 165.74 2.210 
LOA [m] 173.71 2.316 
B [m] 22.17 0.296 
TF [m] 13.35 0.178 
TA [m] 13.35 0.178 
TM [m] 13.35 0.178 ׏ [m³] 41625 0.099 
CB [ ] 0.85 0.85 
CPR [ ] 0.85 0.85 
S [m²] 7338 1.305 
LCB % 0.351 0.351 
VCB [m] 6.917 0.092 
AW [m²] 3437.156 0.611 
CW [ ] 0.936 0.936 
LCF [m] 81.02 1.080 
CM [ ] 0.997 0.997 
KM [m] 10.01 0.134 
KML [m] 176.8 2.357 
Table 11.5 main hydrostatic 
properties for ship model T0H at 
model and full scale 
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11.5.6 Ship model T0S 
 
 
Figure 11.8 main views of the oil 
tanker T0S at full scale 
    
FS T0S Tanker T1350 
  
λ [] 1 46.25 
Lpp [m] 238.00 5.146 
LOA [m] 246.69 5.334 
B [m] 43.00 0.930 
TF [m] 13.50 0.292 
TA [m] 13.50 0.292 
TM [m] 13.50 0.292 ׏ [m³] 112377 1.136 
CB [ ] 0.81 0.81 
CPR [ ] 0.82 0.82 
S [m²] 14520 6.788 
LCB % 2.781 2.781 
VCB [m] 7.052 0.152 
AW [m²] 9179.3 4.291 
CW [ ] 0.897 0.897 
LCF [m] 116.72 2.524 
CM [ ] 0.996 0.996 
KM [m] 18.33 0.396 
KML [m] 329.9 7.132 
Table 11.6 main hydrostatic 
properties for ship model T0S at 
model and full scale  
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11.5.7 Ship model A01 
 
 
Figure 11.9 main views of the 
car carrier A01 at full scale with 
a simplified section above water 
 
    FS A01 T740  
λ [] 1 50 
Lpp [m] 190.00 3.800 
LOA [m] 203.00 4.060 
B [m] 31.00 0.620 
TF [m] 7.40 0.1480 
TA [m] 7.40 0.1480 
TM [m] 7.40 0.1480 ׏ [m³] 27185 0.217 
CB [ ] 0.62 0.62 
CPR [ ] 0.66 0.66 
S [m²] 7185 2.874 
LCB % -2.528 -2.528 
VCB [m] 4.135 0.083 
AW [m²] 4816.6 1.927 
CW [ ] 0.818 0.818 
LCF [m] 79.48 1.590 
CM [ ] 0.947 0.947 
KM [m] 17.16 0.343 
KML [m] 394.7 7.894 
Table 11.7 main hydrostatic 
properties for twin screw auto 
carrier A01 at model and full 
scale 
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11.5.8 Ship model A0S 
 
 
Figure 11.10 main views of the 
RoRo car carrier A0S at full scale 
    FS A0S T620  
λ [] 1 37.5 
Lpp [m] 186.17 4.965 
LOA [m] 200.19 5.338 
B [m] 29.00 0.773 
TF [m] 6.20 0.1653 
TA [m] 6.20 0.1653 
TM [m] 6.20 0.1653 ׏ [m³] 22865 0.434 
CB [ ] 0.68 0.68 
CPR [ ] 0.70 0.70 
S [m²] 6042 4.297 
LCB % -2.949 -2.949 
VCB [m] 3.411 0.091 
AW [m²] 4579.856 3.257 
CW [ ] 0.848 0.848 
LCF [m] 84.48 2.253 
CM [ ] 0.971 0.971 
KM [m] 15.88 0.424 
KML [m] 445.1 11.869 
Table 11.8 main hydrostatic 
properties for ship model A0S at 
model and full scale 
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11.5.9 Ship model R0S 
 
 
Figure 11.11 linesplan of the 
fast RoPax Catamaran R0S at full 
scale 
    FS R0S T335  
λ [] 1 40 
Lpp [m] 68.90 1.723 
LOA [m] 69.75 1.744 
B [m] 4.20 0.105 
BS [m] 17.60 0.440 
TF [m] 3.35 0.0838 
TA [m] 3.35 0.0838 
TM [m] 3.35 0.0838 ׏ [m³] 905 0.014 
CB [ ] 0.18 0.18 
CPR [ ] 0.73 0.73 
S [m²] 997 0.623 
LCB % -3.427 -3.427 
VCB [m] 2.158 0.054 
AW [m²] 380 0.238 
CW [ ] 1.314 1.314 
LCF [m] 25.15 0.629 
CM [ ] 0.245 0.245 
KM [m] 35.11 0.878 
KML [m] 112.0 2.800 
Table 11.9 main hydrostatic 
properties for catamaran R0S at 
model and full scale  
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11.5.10 Ship model B01 
 
 
Figure 11.12 main views of the 
inland vessel of Class Va at full 
scale 
    FS B01 T365 
λ [] 1 25 
Lpp [m] 108.00 4.320 
LOA [m] 109.95 4.398 
B [m] 11.45 0.458 
TF [m] 3.65 0.1460 
TA [m] 3.65 0.1460 
TM [m] 3.65 0.1460 ׏ [m³] 4096 0.262 
CB [ ] 0.91 0.91 
CPR [ ] 0.91 0.91 
S [m²] 1909 3.055 
LCB % 1.967 1.967 
VCB [m] 1.894 0.076 
AW [m²] 1215.4 1.945 
CW [ ] 0.983 0.983 
LCF [m] 54.13 2.165 
CM [ ] 0.998 0.998 
KM [m] 5.03 0.201 
KML [m] 281.9 11.277 
Table 11.10 main hydrostatic 
properties for the inland vessel 
B01 at model and full scale  
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11.5.11 Model W01 
 
 
Figure 11.13 linesplan of the 
four meter long Wigley hull 
 
    W01 T25 
λ [] - 
Lpp [m] 4.000 
LOA [m] 4.000 
B [m] 0.400 
TF [m] 0.25 
TA [m] 0.25 
TM [m] 0.250 ׏ [m³] 0.177 
CB [ ] 0.44 
CPR [ ] 0.67 
S [m²] 2.377 
LCB % 0.004 
VCB [m] 0.156 
AW [m²] 1.066 
CW [ ] 0.667 
LCF [m] 2.00 
CM [ ] 0.662 
KM [m] 0.212 
KML [m] 5.0 
Table 11.11 main hydrostatic 
properties for the Wigley hull
Appendices 11.6 Open data 
251 
11.6 Open data 
A set of measured data, free to use, is released in (Lataire et al. 
2009). The data set consists (out) of two different subsets, the 
first subset contains measured running sinkages (zVF and zVA) of 
the container carrier C0U sailing along bank SP_8_4.030_0 at four 
different speeds and with four different distances between ship 
and bank. The second set contains ten tests and includes all 
measured forces, moments and motions. The results are obtained 
by tests carried out with the ship model C0U at different initially 
even keel conditions. The second subset consists of tests with a 
wide range of speeds, bank geometries, drift angles and propeller 
rates. 
11.6.1 First subset open data 
Ship model C0U is towed at zero drift angle, zero rudder angle 
and zero propeller rate at four constant forward speeds along 
bank SP_8_4.030_0 and at four lateral positions between ship and 
bank. The water depth h is 0.243 m or 1.35 times the ship 
model’s draft. 
The resulting running sinkages at the fore zVF and aft zVA 
perpendicular are made available. 
11.6.2 Second subset of open data 
The data in this subset is obtained with model tests carried out 
with C0U initially even keel ballasted but at different original 
drafts. This set contains a wide variation of the input parameters 
of the elaborated test program carried out at Flanders Hydraulics 
Research. The input parameters of ten tests (named A to J), as well 
as the test results, are also made available. For the tests B, C, E, F, 
I and J a registration of the water surface is published based upon 
three wave gauges at a fixed position in the towing tank. 
Digital information of the open data including a mesh of the hull, 
propeller, rudder and drawings of the test set up and wave gauges 
can be obtained via the authors. 
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11.7 Weight distribution 
11.7.1 Trapezoidal cross section 
Next solved integrals are only valid for cross sections with a 
constant slope but the integral itself remains valid for all types of 
bank. 
 
Figure 11.14 definition of the distances to calculate analytically a 
trapezoidal cross section 
 
Figure 11.15 a graphical representation of the weight of a right triangle 
The weight of a (right) triangle with coordinates (y1,z1)(y2,z1)(y1,z2) 
(Figure 11.15) with ȁݕଵȁ ൏ ȁݕଶȁand ȁݖଵȁ ൏ ȁݖଶȁ is: 
 ࣑࢚࢘࢏ࢇ ൌ ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇቆ࢟૛ି࢟૛ష࢟૚ࢠ૛షࢠ૚ሺࢠିࢠ૚ሻቇ࢟૚ ࢊ࢟ࢊࢠࢠ૛ࢠ૚  (11.1) 
For a surface piercing bank this integral is the summation of the 
weight of a rectangle and a triangle: 
 ࣑ࡿࡼ ൌ ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࢟ࢎࢎ࢙૙ ࢊ࢟ࢊࢠࢎ૙ ൅ ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇቀ࢟ࢎ૙࢙ିࢠ࢟ࢎ૙࢙ష࢟ࢎࢎ࢙ࢀ ቁ࢟ࢎࢎ࢙ ࢊ࢟ࢊࢠࢎ૙ (11.2) 
Surface piercing rectangle: 
න න ࢋି൬ࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ൰࢟ࢎࢎ࢙૙ ࢊ࢟ࢊࢠࢎ૙ ൌ െ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ ቆെࢋିࣈࢠࢎࢀ ൅ ࢋࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ିࣈࢠࢎࢀ െ ࢋࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ ൅ ૚ቇࢋିࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ 
  (11.3) න න ࢋି൬ࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ൰࢟ࢎࢎ࢙૙ ࢊ࢟ࢊࢠࢎ૙ ൌ ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ ቆࢋିࣈࢠࢎࢀ െ ࢋࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ିࣈࢠࢎࢀ ൅ ࢋࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ െ ૚ቇࢋିࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ 
  (11.4) 
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 ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࢟ࢎࢎ࢙૙ ࢊ࢟ࢊࢠࢎ૙ ൌ ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ ቆ૚ െ ࢋିࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ቇ ൬૚ െ ࢋିࣈࢠࢎࢀ൰ (11.5) 
 ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࢟ࢎࢎ࢙૙ ࢊ࢟ࢊࢠࢎ૙ ൌ ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ ቆ૚ െ ࢋିࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ቇ ൬૚ െ ࢋିࣈࢠࢎࢀ൰ (11.6) 
Surface piercing right triangle 
 ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇቀ࢟ࢎ૙࢙ିࢠ࢟ࢎ૙࢙ష࢟ࢎࢎ࢙ࢎ ቁ࢟ࢎࢎ࢙ ࢊ࢟ࢊࢠࢎ૙ ൌ 
࢟࢏࢔ࢌ࢒ࢀ ࢋష൭ࣈࢠశ ࣈ࢟࢟࢏࢔ࢌ࢒൫࢟ࢎ૙࢙శ࢟ࢎࢀ࢙൯൱ቌ ࣈ࢟࢟࢏࢔ࢌ࢒ሺ࢟ࢎ૙࢙ି࢟ࢎࢀ࢙ሻࢋࣈࢠశ ࣈ࢟࢟࢏࢔ࢌ࢒࢟ࢎ૙࢙ାࣈࢠࢋ ࣈ࢟࢟࢏࢔ࢌ࢒࢟ࢎࢀ࢙ି൭ࣈࢠା ࣈ࢟࢟࢏࢔ࢌ࢒ሺ࢟ࢎ૙࢙ି࢟ࢎࢀ࢙ሻ൱ࢋ ࣈ࢟࢟࢏࢔ࢌ࢒࢟ࢎ૙࢙ቍࣈ࢟ࣈࢠ൭ࣈࢠା ࣈ࢟࢟࢏࢔ࢌ࢒ሺ࢟ࢎ૙࢙ି࢟ࢎࢀ࢙ሻ൱
  (11.7) 
 ൌ ࢟࢏࢔ࢌ࢒ࢀࢋషቆࣈࢠࢎࢀశࣈ࢟࢟ࢎ૙࢙శ࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ ቇ൭ࣈࢠࢎࢀࢋࣈࢠࢎࢀశࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ିቆࣈ࢟࢟ࢎ૙࢙ష࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ ቇࢋࣈ࢟࢟ࢎ૙࢙࢟࢏࢔ࢌ࢒ିቆࣈ࢟࢟ࢎࢎ࢙ష࢟ࢎ૙࢙࢟࢏࢔ࢌ࢒ ାࣈࢠࢎࢀቇࢋࣈࢠࢎࢀశࣈ࢟࢟ࢎ૙࢙࢟࢏࢔ࢌ࢒൱ࣈ࢟ࣈࢠቆࣈ࢟ቆ࢟ࢎ૙࢙ష࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ ቇିࣈࢠࢎࢀቇ  
  (11.8) 
Surface piercing bank 
 ࣑ࡿࡼ ൌ ࣑࢚࢘࢏ࢇ࢔ࢍ࢒ࢋ ൅ ࣑࢘ࢋࢉ࢚ࢇ࢔ࢍ࢒ࢋ (11.9) 
࣑ࡿࡼ ൌ ࢟࢏࢔ࢌ࢒ࢀࣈ࢟ࣈࢠ ቌቆ૚ െ ࢋെࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ቇ൬૚ െ ࢋെࣈࢠࢎࢀ൰
൅ࢋି൬ࣈࢠࢎࢀାࣈ࢟࢟ࢎ૙࢙ା࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ ൰ ቆࣈࢠ ࢎࢀ ࢋࣈࢠࢎࢀାࣈ࢟࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ െ ൬ࣈ࢟ ࢟ࢎ૙࢙ െ ࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ ൰ ࢋࣈ࢟࢟ࢎ૙࢙࢟࢏࢔ࢌ࢒ െ ൬ࣈ࢟ ࢟ࢎࢎ࢙ െ ࢟ࢎ૙࢙࢟࢏࢔ࢌ࢒ ൅ ࣈࢠ ࢎࢀ൰ࢋࣈࢠࢎࢀାࣈ࢟࢟ࢎ૙࢙࢟࢏࢔ࢌ࢒ቇ൬ࣈ࢟ ൬࢟ࢎ૙࢙ െ ࢟ࢎࢎ࢙࢟࢏࢔ࢌ࢒ ൰ െ ࣈࢠ ࢎࢀ൰ یۋ
ۊ
 
  (11.10) 
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11.7.2 Semi submerged cross section 
 
Figure 11.16 definition of the discrete lateral positions of importance 
The starboard weighted area χs can be split into two parts: 
࣑࢙ ൌ න න ࢋି൬ࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ൰࢟ࢎ૙࢙૙ ࢊ࢟ࢊࢠ
ࢎିࢠࡿࡿ
૙  
 ൅׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࢟ࢎࡿࡿ࢙ି࢟ࢎࡿࡿ࢙ష࢟ࢎࢎ࢙ࢠࡿࡿ ൫ࢠିሺࢎିࢠࡿࡿሻ൯૙ ࢊ࢟ࢊࢠࢎࢎିࢠࡿࡿ  (11.11) 
 ࣑࢙ ൌ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࢟ࢎ૙࢙૙ ࢊ࢟ࢊࢠࢎିࢠࡿࡿ૙ ൅ ׬ ׬ ࢋିቆࣈ࢟ ȁ࢟ȁ࢟࢏࢔ࢌ࢒ାࣈࢠȁࢠȁࢀ ቇ࢟ࢎࡿࡿ࢙ିሺࢠିࢎାࢠࡿࡿሻ࢟ࢎࡿࡿ࢙ష࢟ࢎࢎ࢙ࢠࡿࡿ૙ ࢊ࢟ࢊࢠࢎࢎିࢠࡿࡿ  
  (11.12) 
 
࢟ࢎࡿࡿ࢙ି࢟ࢎࢎ࢙ࢠࡿࡿ ൌ ࢙࢒࢕࢖ࢋ (11.13) 
 
These equations 11.11 and 11.12 are only valid when the centre of 
the vessel is not located over the sloped bank. 
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11.8 Derivation of the water 
depth dependent Tuck Number 
 
 ࢀ࢛࢓ሺࢂሻ ൌ ൬ ࡲ࢘ࢎࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓൰૛ඨ૚ି൬ ࡲ࢘ࢎࡲ࢘ࢉ࢘࢏࢚ǡ࢒࢏࢓൰૛ (11.14) 
















 ࢀ࢛࢓ሺࢂሻ ൌ ࢎࢇ࢜ࢍࢎ࢙ࢎ࢏࢖ ࢂ૛ࢂࢉ࢘࢏࢚ǡ࢒࢏࢓૛ඨ૚ିࢎࢇ࢜ࢍࢎ࢙ࢎ࢏࢖ ࢂ૛ࢂࢉ࢘࢏࢚ǡ࢒࢏࢓૛ (11.17) 
 
 
ඥࢎࢇ࢜ࢍටࢎ࢙ࢎ࢏࢖ ࢂࢂࢉ࢘࢏࢚ǡ࢒࢏࢓ ൌ ඥࢍࢎࢇ࢜ࢍටࢍࢎ࢙ࢎ࢏࢖ ࢂඥࢍࢎࢇ࢜ࢍ൬૛ ࢙࢏࢔൬࡭࢘ࢉ࢙࢏࢔൫૚ష࢓࢒࢏࢓൯૜ ൰൰૜૛ (11.18) ඥࢎࢇ࢜ࢍටࢎ࢙ࢎ࢏࢖ ࢂࢂࢉ࢘࢏࢚ǡ࢒࢏࢓ ൌ ඥࢍࢎࢇ࢜ࢍටࢍࢎ࢙ࢎ࢏࢖ ࢂඥࢍࢎࢇ࢜ࢍ൬૛ ࢙࢏࢔൬࡭࢘ࢉ࢙࢏࢔൫૚ష࢓࢒࢏࢓൯૜ ൰൰૜૛ ൌ ࢂටࢍࢎ࢙ࢎ࢏࢖൬૛ ࢙࢏࢔൬࡭࢘ࢉ࢙࢏࢔൫૚ష࢓࢒࢏࢓൯૜ ൰൰૜૛ 
  (11.19) 
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Figure 11.17 simplified hyperbolic function: two half open line segments 
with joint endpoint (x1, 1) 
With s is the slope of the second line segment and the positive 
coefficient ࣈ: 
 ࢟ ൌ ૚ െ ିට൫ሺିࣈሻ࢞૚ିሺିࣈሻ࢞൯૛ି૝Ǥିࣈ࢙ିሺିࣈሻ࢞૚ିࣈ࢞ି૛Ǥࣈ࢙  (11.20) 
 ࢟ ൌ ܔܑܕࣈ՜ஶ ቌ૚ െ ିට൫ሺିࣈሻ࢞૚ିሺିࣈሻ࢞൯૛ି૝Ǥିࣈ࢙ିሺିࣈሻ࢞૚ିࣈ࢞ି૛Ǥࣈ࢙ ቍ (11.21) 
 ࢟ ൌ ܔܑܕࣈ՜ஶ ቌ૚ െ ටሺ࢞ି࢞૚ሻ૛ା૝Ǥࣈష૚࢙ାሺ࢞ି࢞૚ሻ૛࢙ ቍ ൌ ૚ െ ȁ࢞ି࢞૚ȁାሺ࢞ି࢞૚ሻ૛࢙  (11.22) 
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11.10 Zero crossing of the 
mathematical model for YF  
The value 
்௛ି் is sought for when the mathematical model for the 
lateral force at the forward perpendicular is always zero. 
 ࡲ࢘૛ ቀ ࢀࢎషࢀቁ૛ିࣈࢎࢀ૛ࣈࢎ૛ ൌ ૚ (11.23) 
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Bear in mind the past and the future  
but don’t ever let them rob you of the present 
because it’s all you’ve got. 
 
Quote from the short film “The Runners”  
by Matan Rochlitz & Ivo Gormley 
 
  
  
 
 
 
 
 
 
 
 
 
 
 
 
  
  
  
  
 
